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Degradable systems
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The Wiener-based ARD1 model (Arithmetic Reduction of
the Degradation)

Wiener process with drift

Let X (t) be the degradation level at time t.

X (t) = µt + σB(t) =⇒ X (t + ∆t)− X (t) ∼ N (µ∆t, σ2∆t)

The increments of degradation are independent on disjoints time intervals

Imperfect maintenance actions

The maintenance e�ect is to reduce the degradation level of a certain quantity that
is proportional to the degradation level accumulated since the last maintenance
action (Mercier and Castro, 2019).
Let (τ1, ..., τj , ..., τk) be the maintenance times and ρ the maintenance e�ciency
parameter so that ρ ∈ [0, 1]

∀t ∈ [τj , τj+1[ and ∀j ∈ {1, ..., k}, we have :

Y (τ+
j )−Y (τ−j ) = Z 1

j = −ρ
(
Y (τ−j )− Y (τ+

j−1)
)

and Y (t) = X (t)− ρ X (τj)

where Y (τ+
j ) and Y (τ−j ) are the degradation levels just after and just before the j th

maintenance, and Z 1

j the jump observed at τj .
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Background

Few papers on degradation models with maintenance e�ects (Zhang et al.,
2015; Giorgio and Pulcini, 2018; Salles et al., 2020; Kamranfar et al., 2021)

Di�erent statistical inference methods (Kahle and Lehmann, 2010; Zhang
et al., 2015; Salles et al., 2020)

In�uence of the observation scheme on the inference's quality (Zhang et al.,
2015; Zhao et al., 2019; Salles et al., 2020)
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Simulated degradation levels with di�erent values of the

maintenance e�ciency paramater

Figure 1 � Minimal repair (ABAO) , ρ = 0 Figure 2 � Perfect repair (AGAN) , ρ = 1
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Notations
∀i ∈ {0, ..., nj + 1}, ∀j ∈ {0, ...k} :

∆Yj,i : The i th increment of degradation since the j th maintenance action

nj : The number of observations between two successive maintenance actions, i.e. on ]τj , τj+1[

tj,i : The i th observation time after the j th maintenance action

Hτj : All the increments observed before τj
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Parameters estimations

The estimators µ̂, σ̂2 and ρ̂ are computed with the maximum likelihood
estimation

From now and then, four observation schemes will be distinguished, each one
leads to a di�erent writing of the likelihood and therefore to a di�erent
estimation of the parameters

The likelihood L(µ, σ2, ρ) is written as the product of the increments
densities multiplied by the joint density of the jumps conditionally to the
previous observations

L(µ, σ2, ρ) =
∏
j

∏
i

f∆Yj,i (∆yj,i )
∏
j

fZm
j |H

m

τ
−
j

(zmj )

Where m is the the observation scheme, m ∈ {1, 2, 3, 4}
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Observation scheme n°1 : the degradation levels are

observed just before and just after each maintenance action

L1
(
µ, σ2, ρ

)
=

k∏
j=0

nj+1∏
i=1

f∆Yj,i (∆yj,i )
k∏

j=1

δ

(
z1j = −ρ

nj−1+1∑
i=1

∆yj−1,i

)
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Observation scheme n°2 : the degradation level just after

each maintenance action is not observed

L2
(
µ, σ2, ρ

)
=

k−1∏
j=0

nj+1∏
i=1+1j>0

f∆Yj,i (∆yj,i )

 × [
k−1∏
j=1

fZ2j |Hτ−
j

(
z2j
)]

Z 2

j | Hτ−j ∼ N

(
µ ∆tj,1 − ρ y(τ−j ) + (1− ρ)

j−1∑
i=1

ρj−i y(τ−i ), σ2∆tj,1

)
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Observation scheme n°3 : The degradation level just before

the maintenance action is not observed

L3
(
µ, σ2, ρ

)
=

[
k∏

j=0

nj∏
i=1

f∆Yj,i (∆yj,i )

][
k∏

j=1

fZ3j |Htj−1,nj−1
(z3j )

]

Z3

j | Htj−1,nj−1
∼ N

(
µ[(1− ρ)∆tj−1,nj−1+1]− ρ

nj−1∑
i=1

∆yj−1,i , σ
2[(1− ρ)2∆tj−1,nj−1+1]

)
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Observation scheme n°4 : the degradation level is not

observed nor just before neither just after the maintenance

action
L4
(
µ, σ2, ρ

)
= g(Z41 ,Z

4
2 ,...,Z

4
k

)

(
z41 , z

4

2 , ..., z
4

k

)
×

k∏
j=0

nj∏
i=1+1j>1

f∆Yj,i (∆yj,i )

Where ∀j ∈ {1, ..., k}, Z 4

j are the jumps observed between two successive maintenance
actions.
Z 4 = (Z 4

1 ,Z
4

2 , ...,Z
4

k ) is a Gaussian vector and g is the joint density of the jumps
conditionally to the previous observed increments

Variance-covariance Matrix Σ :



s1 −ρ∆t1,1 0 · · · 0
−ρ∆t1,1 s2 −ρ∆t2,1 · · · 0

...
. . .

. . .
. . .

...

... · · · 0
0 · · · 0 −ρ∆tk−3,1 sk−2 −ρ∆tk−2,1
0 · · · 0 −ρ∆tk−2,1 sk−1



Where

sj =

[
∆tj,1 + (1 − ρ)2∆tj−1,nj−1+1 + ρ2∆tj−1,11j>1

]
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Parameters estimations according to the observation scheme

Figure 3 � Estimations including 3 maintenance actions and µ = 2, σ2 = 5, ρ = 0.5,
nj=2

Figure 4 � Estimations including 3 maintenance actions and µ = 2, σ2 = 5, ρ = 0.5,
nj=5
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Parameters estimations according to the observation scheme

Figure 5 � Estimations including 7 maintenance actions and µ = 2, σ2 = 5, ρ=0.1,
nj = 2

Figure 6 � Estimations including 7 maintenance actions and µ = 2, σ2 = 5, ρ=0.9,
nj = 2
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Conclusions and future work

Di�erent estimations according to the observation scheme

Drawbacks of the Wiener-based ARD1 model :

I Deterministic jumps for the �rst observation scheme

I Identi�ability problem for the third observation scheme

Other potential model to consider inspired by the ARD1 model
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