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Degradable systems
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The Wiener-based ARDy model (Arithmetic Reduction of
the Degradation)

@ Wiener process with drift

Let X(t) be the degradation level at time t.
X(t) = pt + oB(t) = X(t + At) — X(t) ~ N(pAt, 0 At)
The increments of degradation are independent on disjoints time intervals

@ Imperfect maintenance actions

The maintenance effect is to reduce the degradation level of a certain quantity that
is proportional to the degradation level accumulated since the last maintenance
action (Mercier and Castro, 2019).

Let (r1,..., 7, ..., Tk) be the maintenance times and p the maintenance efficiency
parameter so that p € [0,1]

Vt € [1j, 7741 and Vj € {1,..., k}, we have :
Y($)=Y(r7) = Z = —p (Y(7;7) = Y(1£1)) and Y(t) = X(t) — p X(7)

where Y(7;") and Y/(7;7) are the degradation levels just after and just before the j*
maintenance, and Zjl the jump observed at 7.
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Background

o Few papers on degradation models with maintenance effects (Zhang et al.,
2015; Giorgio and Pulcini, 2018; Salles et al., 2020; Kamranfar et al., 2021)

o Different statistical inference methods (Kahle and Lehmann, 2010; Zhang
et al., 2015; Salles et al., 2020)

@ Influence of the observation scheme on the inference’s quality (Zhang et al.,
2015; Zhao et al., 2019; Salles et al., 2020)
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Simulated degradation levels with different values of the
maintenance efficiency paramater
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Figure 1 — Minimal repair (ABAO) , p =0  Figure 2 — Perfect repair (AGAN) , p=1
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Notations

Vie{0,..,nj+1}, Vje{0,..k}:

AYj;: The it increment of degradation since the jt" maintenance action

n;j : The number of observations between two successive maintenance actions, i.e. on ]7j, 7j;1|
tj;: The ith observation time after the j* maintenance action

Hr; : All the increments observed before 7;
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Parameters estimations

@ The estimators /i, 52 and p are computed with the maximum likelihood
estimation

@ From now and then, four observation schemes will be distinguished, each one
leads to a different writing of the likelihood and therefore to a different
estimation of the parameters

@ The likelihood L(u,0?, p) is written as the product of the increments
densities multiplied by the joint density of the jumps conditionally to the
previous observations

jooi J 7

Where m is the the observation scheme, m € {1,2,3,4}

M. Leroy Wiener-based ARD 1 model 20/05/2022 7/15



Observation scheme n°1 : the degradation levels are

observed just before and just after each maintenance action

i=1

) k nj+1 k L nj_1+1
Ly (M,U ,P) = H H fAYj,z(ijﬂ') H olzi = —p Z Ayj 1,
j=0 =1 =1 /
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Observation scheme n°2 : the degradation level just after

each maintenance action is not observed

L2 (1,0, p) [H H fAYj,/‘(AyJ’] [H fz2 13 - (z ]

= i= 1+]11>°

j—1
Vall Mo~ N (u Ata—py(r )+ @ =p) D o (), ozAtm)
i=1
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Observation scheme n°3 : The degradation level just before
the maintenance action is not observed

Ls (1, 0%, p) [H HfA ij:] LH f23 134, 1 a (2

Jj=0 i=1

nj_a

Z3 [ My N (#[(1 —P)At_1n_,41]—p 21 Ayj 1, o?[(1 - P)zAfj—l,nj_1+1]>
=

l,nj-71
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Observation scheme n°4 : the degradation level is not
observed nor just before neither just after the maintenance

action Koo

2 4 _4 4
Ly (M:U 7P) = 8(z4.,23,...2%) (21,22’---’Zk) X H H fAYj,,- (Ay;,i)

J=0 i=141j5q

Where Vj € {1,...,k}, Zf’ are the jumps observed between two successive maintenance
actions.
Z* = (Z¢,2Z3,...,Z¢) is a Gaussian vector and g is the joint density of the jumps
conditionally to the previous observed increments

Variance-covariance Matrix X :

s1 —pAti 0 0 "
—pAti Y —pAta 1 0 20 p E
. . . . . K A // e

f =
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: . . . : =
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o 1,
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: 0 at a
A
0 .- 0 —pAti_31 Sk—2 —pAti_21 Lo
0 0 —pAti_21 Sk_1 L
Where o1 : : :
— 2 2
sj= |Atj 1 +(1—p) Atjfl,nj,frl + p Atj—1,11j>1} 5 T?\&e 15
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Parameters estimations according to the observation scheme
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Figure 3 — Estimations including 3 maintenance actions and u =2, 0> =5, p =0.5,
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Figure 4 — Estimations including 3 maintenance actions and =2, 6> =5, p = 0.5,
n;=>5
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Parameters estimations according to the observation scheme

12- : ]
t .
4= ] I 0.50-
. N
-
. -
i . -
= - 2 -
2, _ 5” 1 ~ £ 0.00
-0.25-
1- 3- ]
0.5 .
o0 .
0-

Figure 5 — Estimations including 7 maintenance actions and 1 = 2, ¢ = 5, p=0.1,

nj = 2
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Figure 6 — Estimations including 7 maintenance actions and 1 = 2, ¢ = 5, p=0.9,
nj =2
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Conclusions and future work

o Different estimations according to the observation scheme

@ Drawbacks of the Wiener-based ARD; model :

» Deterministic jumps for the first observation scheme

» Identifiability problem for the third observation scheme

@ Other potential model to consider inspired by the ARD; model
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