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Outline

o Definitions of nominal and ordinal data.

o Analysis of variation of qualitative (nominal) data and semi-

quantitative (ordinal) data.

o Examples.

o Explanation of the tool (simulation).

o Power of the test and associated risks of incorrect decisions.

o Continuation of the previous examples.

o Summary and Future Research



Definitions of Categorical Data

o Nominal Data
• Categorical data with unordered exhaustive and disjoint labeled by 

K exclusive categories. 
• Nominal data have no magnitude: occurrences can be only equal or 

unequal, i.e., belong to the same or different categories.
• Examples: Color of a spot test; Gender; Blood Type; Sequence of 

amino acids in a polypeptide; Type of weld imperfection. 

o Ordinal Data (K exclusive sorted categories)
• Categorical data that are ordered according to their inherent 

magnitude. Ordinal data can enter into empirical relations only; can 
be equal or unequal, greater than or less than.

• Examples: Octane number of fuel; Fault severity according to 
experts.

• Ordinal data are arranged according to ordinal scales (e.g., 1 to 5). 
Ordinal data should not be treated as numbers since the distance 
between 1 and 2 may differ from 2 and 3 or 3 and 4.



Analysis of Variation of Nominal and 
Ordinal Data – Layout (Gadrich and Marmor 2021)

We assume a cross-balances design of 𝐼 levels of factor X1, 𝐽 levels of factor 
X2 and 𝐾 categories:

o 𝑝 = (𝑝1, 𝑝2, … , 𝑝𝐾) is the theoretical probability of response.

o σ 𝑝𝑘 = 1; 

o In Ordinal data also 𝐹𝑘 = σ𝑞=1
𝑘 𝑝q ;  𝐹𝐾 = 1

In general, a cross-balanced design may contain (i, j) cells with the same 
number n > 1 of replicate responses and the total number of responses 
𝑁 = 𝑛𝐼𝐽. This design allows to test the interaction between the factors. 

Factor 

 𝑋1 

Factor 𝑋2  Total 

counts 1 … j … 𝐽 

1 𝑛11𝑘  … 𝑛1𝑗𝑘  … 𝑛1𝐽𝑘  𝐽 

… … … … … … … 

i 𝑛𝑖1𝑘  … 𝑛𝑖𝑗𝑘  … 𝑛𝑖𝐽𝑘  𝐽 

… … … … … … … 

𝐼 𝑛𝐼1𝑘  … 𝑛𝐼𝑗𝑘  … 𝑛𝐼𝐽𝑘  𝐽 

Total counts 𝐼 … 𝐼 … 𝐼 𝑁 
 



Analysis of Variation of Ordinal Data – 
Variation Definition (Gadrich and Marmor 2021)

• Treating N responses as a statistical sample, and the no. of responses 𝑛𝑖𝑗𝑘 as 

a random variable, then Ƹ𝑝𝑖𝑗𝑘 =
𝑛𝑖𝑗𝑘

𝑁
 (and ෠𝐹𝑖𝑗𝑘 = σ𝑞=1

𝑘 Ƹ𝑝𝑖𝑗𝑞) denote the sample 

relative (cumulative) frequency of responses belonging to (up to) the k-th 
category.

• The sample total cumulative relative frequency of all responses belonging to 

the 𝑘-th category is denoted by: ෠𝐹..𝑘 =
1

𝐼𝐽
σ𝑖=1

𝐼 σ𝑗=1
𝐽 ෠𝐹𝑖𝑗𝑘  𝑘 = 1, 2, … , 𝐾.

• ෠𝐹𝑖.𝑘 =
1

𝐽
σ𝑗=1

𝐽 ෠𝐹𝑖𝑗𝑘 ∀𝑖, 𝑘  and ෠𝐹.𝑗𝑘 =
1

𝐼
σ𝑖=1

𝐼 ෠𝐹𝑖𝑗𝑘 ∀𝑗, 𝑘  denote the sample 

cumulative relative frequency of responses up to the k-th category at level i of 
factor X1 and at level j of factor X2, respectively.

• The observed (sample) total normalized (to [0,1] interval) variation of the 
response variable 𝒀, is estimated in the two-way ORDANOVA as (and its 
decompositions):

ො𝑉T =
4

𝐾 − 1
෍

𝑘=1

𝐾−1

෠𝐹..𝑘 1 − ෠𝐹..𝑘 = መ𝐶𝐵+ ෠𝑉𝑊 = መ𝐶𝑋1
𝐵 + መ𝐶𝑋2

𝐵 + መ𝐶𝑋1∗𝑋2
𝐵 + ෠𝑉𝑊



Analysis of Variation of Nominal and Ordinal 
Data – Summary (Gadrich and Marmor 2021) 

•For ordinal data (Based on ORDANOVA):
o ෠𝑉T =

4

𝐾−1
σ𝑘=1

𝐾−1 ෠𝐹..𝑘 1 − ෠𝐹..𝑘

o መ𝐶𝑋1
B =

4

𝐾−1
σ𝑘=1

𝐾−1 1

𝐼
σ𝑖=1

𝐼 ෠𝐹𝑖.𝑘 − ෠𝐹..𝑘
2

 

o መ𝐶𝑋2
B =

4

𝐾−1
σ𝑘=1

𝐾−1 1

𝐽
σ𝑗=1

𝐽 ෠𝐹.𝑗𝑘 − ෠𝐹..𝑘
2

 

o መ𝐶𝑋1∗𝑋2
B =

4

𝐾−1
σ𝑘=1

𝐾−1 1

𝐼𝐽
σ𝑖=1

𝐼 σ𝑗=1
𝐽 ෠𝐹𝑖𝑗𝑘 − ෠𝐹𝑖.𝑘 − ෠𝐹.𝑗𝑘 + ෠𝐹..𝑘

2
 

•Similarly, for nominal data (Based on CATANOVA):
o ෠𝑉T =

𝐾

𝐾−1
σ𝑘=1

𝐾−1 Ƹ𝑝..𝑘 1 − Ƹ𝑝..𝑘

o መ𝐶𝑋1
B =

𝐾

𝐾−1
σ𝑘=1

𝐾 1

𝐼
σ𝑖=1

𝐼 Ƹ𝑝𝑖.𝑘 − Ƹ𝑝..𝑘
2

o መ𝐶𝑋2
B =

𝐾

𝐾−1
σ𝑘=1

𝐾 1

𝐽
σ𝑗=1

𝐽
Ƹ𝑝.𝑗𝑘 − Ƹ𝑝..𝑘

2

o መ𝐶𝑋1∗𝑋2
B =

𝐾

𝐾−1
σ𝑘=1

𝐾 1

𝐽
σ𝑗=1

𝐽
Ƹ𝑝𝑖𝑗𝑘 − Ƹ𝑝𝑖.𝑘 − Ƹ𝑝.𝑗𝑘 + Ƹ𝑝..𝑘

2
 



Analysis of Variation of Nominal and 
Ordinal Data (Gadrich and Marmor 2021)

•The null hypothesis 𝐻0 of homogeneity of the responses states 
that the probability of classifying the responses as belonging to 
the k-th category does not depend on the levels of the first nor 
the second factor, i.e., Ƹ𝑝𝑖𝑗𝑘 = Ƹ𝑝𝑘 ∀𝑖, 𝑗, 𝑘:

To test the statistical significance of both the factor effects the
 following significance indices (test statistics) have been defined:

෡𝑆𝐼𝑋1 =
መ𝐶𝑋1

𝐵

𝑑𝑓𝑋1
/

෡𝑉𝑇

𝑑𝑓𝑇
; ෡𝑆𝐼𝑋2 =

መ𝐶𝑋2
𝐵

𝑑𝑓𝑋2
/

෡𝑉𝑇

𝑑𝑓𝑇
; ෡𝑆𝐼𝑋1∗𝑋2 =

መ𝐶𝑋1∗𝑋2
𝐵

𝑑𝑓𝑋1∗𝑋2
/

෡𝑉𝑇

𝑑𝑓𝑇

𝑑𝑓T = 𝑁 − 1; 𝑑𝑓𝑋1 = 𝐼 − 1; 𝑑𝑓𝑋2 = 𝐽 − 1; 𝑑𝑓𝑋1∗𝑋2 = (𝐼 − 1)(𝐽 − 1)

𝐸 ෠𝑉𝑇

𝑑𝑓𝑇
=

𝐸[ መ𝐶𝑋1
𝐵 ]

𝑑𝑓𝑋1
=

𝐸[ መ𝐶𝑋2
𝐵 ]

𝑑𝑓𝑋2
=

𝐸[ መ𝐶𝑋1∗𝑋2
𝐵 ]

𝑑𝑓𝑋1∗𝑋2
=

𝑉𝑇

𝑁



Example 1 (Water Chlorine)

•Problem outline (Gadrich et al., 2022):

o Intensity of chlorine odor of bottled drinking water.

o Water was kept at room temp ( 20o𝑐) or heated (60o𝑐) – X2. 

o 49 laboratories, 45 sent result for each temperature – X1.

o The odor intensity according to the national standard: a) 
imperceptible odor, b) very weak, c) weak, d) noticeable, e) 
distinct, and f) very strong – k (0-5).

o The data:



Example 1 (Water Chlorine) - Results 

Two-way Anova (treating k as a continuous number)

 

p-value F df SSE  

0.000096 3.193548 44.0 48.400000 X1 

0.054486 3.903226 1.0 1.344444 X2 

NaN NaN 44.0 15.155556 Residual 

As the data is ordinal, two-way Anova “works” well only when 

the order of magnitude is evenly distributed among options 



Example 1 (Water Chlorine) – Simulation Tool

Two-way ORDANOVA without replication

Variation 

Component
df

Significance 

index
P-value SIcrit Power

X1 0.2463 44 1.3601 0.00060 1.1830 0.10350

X2 0.0100 1 2.4236 0.08981 3.1093 0.28830

Interaction n/a n/a n/a n/a n/a n/a

Within 0.11 44

Total 0.3663 89

“similar” results as 

the two-way Anova



Example 2 (Weld Imperfection)

•Problem outline (Gadrich, Kuselman and Andrić, 2020):

o 3 laboratories – X1.

o Asked to classify weld imperfections according to ISO 6520-1 
classes: 1) cracks, 2) cavities, 3) inclusions, 4) lack of 
fusion/penetration, and 5) geometrical shape errors – k.

o Each imperfection was examined by an experienced 
technician (A) and a trained novice (B) – X2.

o Each of the examinators were given 14 samples - n.

o The data (number of examination results by class):



Example 2 (Weld Imperfection) - Results 

Two-way Anova (treating k as a continuous number) Because the data is 
nominal, there is no 
meaning for analyzing k 
as continuous number

p-value F df SSE  

0.068597 2.773692 2.0 9.809524 X1 

0.043599 4.207664 1.0 7.440476 X2 

0.705735 0.350078 2.0 1.238095 X1*X2 

NaN NaN 78.0 137.928571 Residual 

 

 

p-value F df SSE  

0.518081 0.663200 2.0 2.452381 X1 

0.131402 2.324418 1.0 4.297619 X2 

0.341893 1.088162 2.0 4.023810 X1*X2 

NaN NaN 78.0 144.214286 Residual 

Two-way Anova (k as a continuous number)
k replacements: 5 with 3 and 1 with 4



Example 2 (Weld Imperfection) - Simulation 
Tool

Two-way CATANOVA with replication
Variation 

Component
df

Significance 

index
P-value SIcrit Power

X1 0.0191 2 0.8337 0.34088 1.9384 0.43180

X2 0.0149 1 1.2969 0.74522 2.3719 0.50800

Interaction 0.0128 2 0.5558 0.24263 1.9384 0.42970

Within 0.9056 78

Total 0.9524 83



Power of the Test and Associated Risk of 
Incorrect Decision (Gadrich et al., 2024) 
•The alternative hypotheses 𝐻1 are that one or both the studied factors 

influence the probability vector 𝒑:

𝐸[ መ𝐶𝑋1
𝐵 ]

𝑑𝑓𝑋1
≥

𝑉𝑇

𝑁
 or

𝐸 መ𝐶𝑋2
𝐵

𝑑𝑓𝑋2
≥

𝑉𝑇

𝑁
or

መ𝐶𝑋1∗𝑋2
𝐵

𝑑𝑓𝑋1∗𝑋2
≥

𝑉𝑇

𝑁

•The statistics 𝑑𝑓𝑙 ෡𝑆𝐼𝑋𝑙 (l = 1, 2) distributions, for nominal variables, are 

asymptotically approximated by the chi-square distributions 𝜒𝑑𝑓𝑙

2  with

df1=(K-1)(I-1) and df2=(K-1)(J-1) respectively. They have the following 

parameters:

𝐸 𝑑𝑓𝑙 ෡𝑆𝐼𝑋𝑙 = 𝑑𝑓𝑙 𝑎𝑛𝑑 𝑉𝐴𝑅 𝑑𝑓𝑙 ෡𝑆𝐼𝑋𝑙 = 2 𝑑𝑓𝑙

•The alternative hypothesis 𝐻1 corresponds to the shifted distribution of the 

statistics 𝑑𝑓𝑙 ෡𝑆𝐼𝑋𝑙 which would be valid under the null hypothesis 𝐻1. It is 

denoted further 𝑑𝑓𝑙 ෡𝑆𝐼𝑋𝑙,𝜆, where 𝜆 is the parameter of non-centrality 

(distribution shift). It has the following parameters:

𝐸 𝑑𝑓𝑙
෡𝑆𝐼𝑋𝑙, = 𝑑𝑓𝑙 + 𝜆 and 𝑉𝐴𝑅 𝑑𝑓𝑙

෡𝑆𝐼𝑋𝑙, = 2 𝑑𝑓𝑙 + 4 𝜆



Power of the Test and Associated Risk of 
Incorrect Decision (Gadrich et al., 2024) 
•Examples of modified (red) compares with original (blue) chi-square 

distribution:

•Consider transformation on the ෡𝑆𝐼 distribution such that ෡𝑆𝐼𝑋𝑙
𝑀=(1+/𝑑𝑓𝑙) ෡𝑆𝐼𝑋𝑙 , 

and the power of the factor 𝑋𝑙 is 𝑃𝑙 = 1 − 𝐶𝐷𝐹෢𝑆𝐼𝑋𝑙
𝑀 (𝑆𝐼𝑋𝑙

𝑐𝑟𝑖𝑡). The simulated values 

of modified distribution (red) is compared with the transformed SI distribution 

(black):

 



Power of the Test and Associated Risk of 
Incorrect Decision (Gadrich et al., 2024) 

•Simulation tool was modified to 

account for the power calculation:

• where 𝑤 is the effect of the statistical

 sample size for the chi−square test: 

𝑤 = 0.1 is considered as a small 

effect, 0.3 – medium, and 0.5 – a 

large effect 

• In this example, As the sample size 

𝑁 = 𝐼𝐽 is equal for both factors 𝑋1 

and 𝑋2, the same  is applicable (

= 𝑤2𝑁) Two-way ORDANOVA without replication

Variation 

Component
df

Significance 

index
P-value SIcrit Power

X1 0.2463 44 1.3601 0.00060 1.1830 0.10350

X2 0.0100 1 2.4236 0.08981 3.1093 0.28830

Interaction n/a n/a n/a n/a n/a n/a

Within 0.11 44

Total 0.3663 89
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Summary and Future Research

There is a value for 
using ORDANOVA 
when the order of 

magnitude is 
unknown. Or when 
the power of test is 

needed. 

CATANOVA is 
needed when the 

response is nominal.

The tool is easy to 
use (up to two 

parameter. Need to 
expand for more).

A guide for use 
is in 

preparation. 



Thank You for 
your attention!

E-mail: myariv@braude.ac.il
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