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Homology is the main feature invariant under topological transformations 
involved in TDA (topological data analysis). It counts the number of 

0-cycles              connected components 
1-cycles                       independent loops 
k-cycles         k-dimensional ind. cavities 

 

A topological signature
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Persistent Homology (PH)
In a Nutshell:

Image from [Ghrist 2008]

Persistent homology tracks homology features along a 
nested sequence of discrete shapes

• filtering out informaJon 
• data-driven threshold selecJon



Persistence Pairs

The core informa3on of persistent homology is given by the persistence pairs

A persistence pair (p, q) is an element in {0, … , m} × ({0, … ,m} ∪ {∞}) such that p < q 
represenJng a homological class that is born at step p and dies at step q

Given a filtraJon   Km ⊆ Km-1 ⊆ … ⊆ K0 ,

⊆

K3 K2 K1 K0

⊆ ⊆

(3, 2) (0-simplex,1-simplex)
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Visualizing Persistence Pairs

persistence pair

Persistence Diagrams encode PH informa3on
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degree 1: 
1-simplez, 2-simplex

degree 0: 
0-simplez, 1-simplex



Market Basket Analysis (MBA)
aim: detecting association rules 

 : itemset 

 : itemset 

 : association rule

A
B
A ⇒ B

 : purchase probability 

 : purchase probability 

 : conditional probability

ℙ(A)
ℙ(B)
ℙ(B |A)

conditional probability might not be enough: 
support usually compared to the independent case 

lift  := (A, B)
ℙ(B |A)

ℙ(B)
=

ℙ(A ∩ B)
ℙ(A)ℙ(B)



Supermarket dataset: 
https://www.kaggle.com/mittalvasu95/the-bread-basket

itemsets as simplices 

bread brownie cake coffee cookies hot 
chocolate croissant pastry sandwich tea counter

0 0 0 1 0 0 0 0 0 0 4529 0.5431
1 0 0 0 0 0 0 0 0 0 3097 0.3713
0 0 0 0 0 0 0 0 0 1 1352 0.1621
1 0 0 1 0 0 0 0 0 0 852 0.1021
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Supermarket dataset: 
https://www.kaggle.com/mittalvasu95/the-bread-basket

itemsets: support 

bread brownie cake coffee cookies hot 
chocolate croissant pastry sandwich tea counter support

0 0 0 1 0 0 0 0 0 0 4529 0.5431
1 0 0 0 0 0 0 0 0 0 3097 0.3713
0 0 0 0 0 0 0 0 0 1 1352 0.1621
1 0 0 1 0 0 0 0 0 0 852 0.1021
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Supermarket dataset: 
https://www.kaggle.com/mittalvasu95/the-bread-basket

itemsets: confidence - persistence 

bread brownie cake coffee cookies hot 
chocolate croissant pastry sandwich tea counter support

0 0 0 1 0 0 0 0 0 0 4529 0.5431
1 0 0 0 0 0 0 0 0 0 3097 0.3713
0 0 0 0 0 0 0 0 0 1 1352 0.1621
1 0 0 1 0 0 0 0 0 0 852 0.1021
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in our example: persistence 
pairs filter out non-relevant 

associaJon rules



Correspondence PH - MBA

axes represent 
support

logarithic axes: 
log(confidence)=diagonal 

shiY



Supermarket dataset: 
https://www.kaggle.com/mittalvasu95/the-bread-basket

itemsets: lift 

bread brownie cake coffee cookies hot 
chocolate croissant pastry sandwich tea counter support

0 0 0 1 0 0 0 0 0 0 4529 0.5431
1 0 0 0 0 0 0 0 0 0 3097 0.3713
0 0 0 0 0 0 0 0 0 1 1352 0.1621
1 0 0 1 0 0 0 0 0 0 852 0.1021
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Correspondence PH - MBA

logarithic axes: 
log(confidence)=diagonal 

shiY

X
independent case
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Results for supermarket dataset
dataset : 8339 transactions, 10 items, 3 max items per itemset

0-degree 1-degree



Results for supermarket dataset
Random : same number of transactions with random items

0-degree 1-degree



Results for supermarket dataset
independent : itemset probability  = item probability multiplied

0-degree 1-degree



Conclusions
• promising PH properties: 

• filtering rules 

• determining data-driven thresholds 

• correspondences PH - MBA detected:  
• support, confidence, lift 

• other application investigated: 
• museum’s visitors behavior 

• to be investigated 
• non-incident persistence pairs and confidence 

• defining global summaries based on PH
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Results for museum dataset
Random : same number of transactions with random items
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Results for museum dataset
independent : itemset probability  = item probability multiplied

0-degree 1-degree



⊆

Correspondence PH - MBA
all our persistence pairs are incident 

e.g., (0,[0,3]) 

in general it might be 
(1,[0,3])
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Homology
Given a (finite) simplicial complex K, 

✦ a k-chain is a formal sum (with ℤ coefficients) of (oriented) k-simplices of K 

✦ Ck(K) is the group of the k-chains of K 

✦ the boundary map ∂k :  Ck(K) ⟶ Ck-1(K) is defined as

@k([v0, . . . , vk]) :=
kX

i=0

(�1)i[v0, . . . , v̂i, . . . , vk]

<latexit sha1_base64="TyNhbBim/yJkrJ/ND/Wef+PDUZk="></latexit>

v0 v0

v2 v2

v1v1

∂2
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A k-simplex 𝜎 is called: 

✦ k-cycle if 𝜎 ∈ Ker(∂k) 

✦ k-boundary if 𝜎 ∈ Im(∂k+1)



Homology

Given a (finite) simplicial complex K, the k-homology group Hk(K) of K is defined as

where: 

✦ Zk(K) is the group of k-cycles of K 

✦ Bk(K) is the group of k-boundaries of K

Hk(K) := Zk(K)/Bk(K)

<latexit sha1_base64="bV4o6vuggRwvyFeCz5lJLs8iYf0=">AAACC3icbVDJSgNBEO2JW4zbqAcPXhqDEC9xRgIuIIR4CXiJYBZMhtDTqcQmPQvdNUII+QS/wquevIlXP8KD/+JknIMmvks93quiqp4bSqHRsj6NzMLi0vJKdjW3tr6xuWVu7zR0ECkOdR7IQLVcpkEKH+ooUEIrVMA8V0LTHV5N/eYDKC0C/xZHITgeG/iiLzjDWOqae9XusHB9dHF5l1R6TCsJ6Zp5q2gloPPETkmepKh1za9OL+CRBz5yybRu21aIzpgpFFzCJNeJNISMD9kA2jH1mQfaGScPTOhhpBkGNARFhaSJCL8nxszTeuS5cafH8F7PelPxP68dYf/MGQs/jBB8Pl2EQkKySHMl4mSA9oQCRDa9HKjwKWeKIYISlHEei1EcVS7Ow579fp40Top2qXh+U8qXK2kyWbJPDkiB2OSUlEmV1EidcDIhT+SZvBiPxqvxZrz/tGaMdGaX/IHx8Q0RSJge</latexit>


