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The cumulative information
1)-measure

A generalized framework for cumulative information measures
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Formal definitions

Definition 1

Let X be a random variable with SF F. Let 1 : [0,1] — R§ be a Riemann-integrable function.
The cumulative information -measure of X is defined as

CT,(X) = / S(F(t))dt, (1)

provided that the latter integral is finite.
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Related measures

Let W = {¢:[0,1] — Ry; ¢ is continuous, such that(0) = (1) = 0}.

PeEV %5 s,(x)

(i) —ulogu CRE(X) = — [, F(t) log F(t)dt,
cumulatlve residual entropy (Rao et al. [17])

(i) —(1—u)log(1 — u) = — Jx F(t)log F(t)dt,

cumulatlve entropy (Di Crescenzo and Longobardi [10])
(i)  —ulogu—(1—u)log(l—u)  CPE(X)= CRE(X)+ CE(X),

cumulative paired Shannon entropy (Klein et al. [13])
(iv) Lu[-logu]", neNg CREA(X) = L [ F(t) [~ log F(t)]" dt

generalized cumulative residual entropy (Psarrakos and Navarro [14])
() A u)-log(l—u)", neN  CELX)= L J, F(1) [ log F(t)"dt,

generalized cumulative entropy (Kayal [12])

Table: Some special cases of CZ,(X) defined in Eq. (1) for different choices of 3 € W.
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Related measures

Yewv CZ,(X)
(vi) o ul-logul”, v € RY CRE,(X) = rtmy Jo F(2) [~ log F(2)]” dt,

fractional generalized cumulative residual entropy (Di Crescenzo et al. [9])
(i) ek (1= u) [~ log(1 — w)]*, v € RY CEL(X) = ity Ji F(8) [ log F(£)]" dt,

fractional generalized cumulative entropy (Di Crescenzo et al. [9])
(vii) 2 (u—uf), s e RF\{1} CRTE,(X) = 5 fu {F(0) - [F(8)]} dt.

cumulative residual Tsallis entropy (Rajesh and Sunoj [16])

(ix) I -u)— (1 —u)], se RN\{1} CTE«(X) =25 [p {F(t) = [F()'} dt,
cumulative Tsallis entropy (Simon and Dulac [18])

(x) 2(1—u)u GMD(X) =2 [, F(t)F(t)dt,

Gini mean difference (Arnold and Sarabia [2])
(xi) (1—u)*u?, a,p € R\{0} Gx (o, B) = fR(F(t))”(f(t))gdt,

cumulative information generating function (Capaldo et al. [5])
(xii) (1 - u) da(u) Gx(d) = [ di (F(1)) s (F(2)) dt,

distorted Gini function (Capaldo et al. [5])

Table: Some special cases of CZ,(X) defined in Eq. (1) for different choices of 1) € W. In (xii)
d = (d1, d»), where di and d» are suitable distortions.
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New generalized entropies

Some cases of the previous Table leads to the following new generalized entropies:

e Let ¢ be the sum of the ¢-functions given in cases (iv) and (v). Then, we define the
generalized cumulative paired entropy as

CPE,(X) = CRE,(X) + CE,(X), n€N,

which is a suitable generalized version of the cumulative paired entropy given in (iii).

e Let ¢ be the sum of the ¢-functions given in (vi) and (vii). Then, we define the fractional
generalized cumulative paired entropy as

CPE,(X) = CRE,(X) + CE,(X), veR",

which represents a new fractional version of the cumulative paired entropy given in (iii).

e Let ¢ be the sum of the vy-functions given in (viii) and (ix). Then, the cumulative paired
Tsallis entropy is given by

CPTE,(X) = CRTE,(X) + CTEs(X), s R"\{1}.
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Alternative representations

Let X be a random variable with SF F, CDF F and mean E(X). Let 1 : [0,1] — RJ be a
Riemann-integrable function.

(i) Covariance representation: B
If ¢ is differentiable and such that tl:? t(F(t)) =0, then

CZy(X) = Cov(X,¥'(F(X))) + (¥(1) — 1(0)) E(X). ()

(i) Quantile-based representation:
If X has absolutely continuous SF and PDF f, then

1
CT,(X) = / $(u)F(u)du,

where g(u) =1/f (f_l(u)), for u € (0,1), is the dual quantile density function (DQDF)
of X, see Capaldo et al. [7].
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Informational properties

The cumulative information -measure in Eq. (1) is a variability measure in the sense of Bickel
and Lehmann [3].

Proposition 2

Let fx (fy) and Fx (Fy) be the PDF and the SF of X (Y), respectively.
For any Riemann-integrable function 1 : [0,1] — R{ such that CZ,, is well-defined, it holds:

i) if X =4 ie., Fx = Fy), then = aw invariance);
fX Y F F hen CZy(X CZy(Y) (!
(ii) CZy(X +9) =CZy(X), for all 6 € R (translation invariance);
iil) CZy(vX) =vCIy(X), for all v € RT (positive homogeneity);
P P
)

(iv) CZy(X) > 0 for any random variable X. One also has CZ,(X) = 0 for any degenerate
random variable X and provided that 1)(0) = (1) = 0 (non-negativity);

(v) If X <dgisp Y, then CZy(X) < CZy(Y), provided that X and Y have absolutely continuous
distribution (consistency with the dispersive order).

Note that X <, Y if and only if fx(Fx (1)) > fy(Fy (1)), for any u € [0,1].
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A bridge to machine learning
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What is an activation function?

SIMPLE NEURAL NETWORK STRUCTURE

LINEAR LOGIC FLOW ——> SINGLE NEURON EXa mp | e:
INPUT (X) PROCESSING

x‘#@ e ) o RelLU(x) = max{0,x}, x e R
@ Leaky ReLU(x) = max{0.01x, x},

Ut x;—b@—'(\ :?;@—‘» f ‘iﬁ_—»t’_’@ x € R

e ' X ,Q ";'/AL] §=1@ pné:l'a('l;c‘)‘rﬁon @ Sigmoid(x) =
A s X _O ®) pl ° Tanh(x) = X+e <1 X S R

xeR

eX
e

WEIGHTS (W) L SINGLE NEURON PROCESSING ‘I

Legend: X = Input, W = Weight, b = Bias, 5 = Summation, f = Activation
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A new activation function

For v,w € R*, the generalized logistic-linear activation function is defined as v, : R — [0,1],

where
0, x< =2,
- x| <
— ) X Ja
’YV;W(X) - 1+ (1 _ WZ:J_:D) (3)
1, x> L.

i) Yvw(x) is a strictly increasing and absolutely continuous CDF for x € (=%, £);
(“) FYVW(O) = 1/2;

)

)

o o Lo 1
(iii) 71,w(x) is a linear activation function, i.e., v1 ,(x) = EX +5 ,forx e (=1, 1);
(iv) lim yu(x)=(1+ e72wx)71, for any x € R, that is a sigmoid activation function.

v—+00

Giulia Pisano May 29, 2026 Connections between cumulative information measures and activation functions



NIVERSITA
Connections with neural networks EGLI S
)| SALE

TUDI
RNO

Let us define the -function related to the generalized logistic-linear activation function given
in (3), i.e.,

Yyw(u) = —/Ou’y,zi(t) dt, uelo,1], v,weRT, (4)

Theorem 4
Let 1)1 = )y, w; and o = 1y, ,, With v1, 15, w1, ws € RT. If one of the following conditions
holds:
(i) 1 < vp and wy = wy,
(II) V1 = v and wy > wo,

then
CZy, (X) < CZy,(X),

for any random variable X.

For instance, CZy, ,(X) = GMD(X) < CPE(X) = CZy, .. ,(X).
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Figure: Plots (left) of the activation functions ,,., obtained from Eq. (3) for different choices of v and
w =1, and (right) of the corresponding 1,.,. Specifically, solid line refer to case v = 0.5, dashed to
v =1, dotted to v = 1.5, dotdash to v = 2, longdash to v = 3 and twodash to v — +oc0.
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Application

Let us consider a neural network made up of three nodes. We assume that

° W the weights are given by
v v v
° (WlaW2):(77€77776)7 VawER+7 €€ |:077)ﬂ (5)
W% w w w
0 where € denotes the bias.

Let X; be the random variable describing the information provided by the node N;, for
i =1,2,3. Assume that Xj and X, are independent and uniformly distributed in (0, 1), and

X3:fy,,’w((£—e)X1—(g—i—e)Xz—i—e), v,w € RT, 66[0,5),

where v, , is the activation function defined in Eq. (3). Note that X3 has median
m = E(X3) = 1/2 and X3 — % =st % —X3.
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Figure: Plots of the PDF of X3 for w = 1 and (left) v = 0.5, (center) v = 1.5 and (right) v = 10°. In each
case, the solid (dotdash, dotted, dashed) line corresponds to e = 0 (v/4, v/2, 3v/4).
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@ The level of non-linearity in the present
2P ST neural network depends on the choice of
%/ veRT.

S @ The information (dispersion) quantified by
the Gini index of X3 also depends of
= v € Rt so that it is connected with the
II complexity of the related activation
' function.
v o ® o w  w
\Y)

Figure: Plot of the Gini index of X5 as a function of
v, by assuming € = 0.
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What about the future?

@ Optimal Activation Selection: Developing a systematic method to select the best
activation function for a neural network based on the underlying model.

@ Solving the Inverse Problem: Using known v-functions to derive entirely new
information-based activation functions for machine learning.

o Exploring New Measures: Investigating and interpreting the open practical applications
of the newly introduced symmetric and generalized entropy tables.
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Thank you
for your kind attention!
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