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Initial motivation R
Excursion set estimation
e f a black box numerical model
e x € X are the design variables
=> we look for the feasible solutions of the constrained problem

MN={xe X, f(x)<q},
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Initial motivation k8
Excursion set estimation

e f a black box numerical model
e x € X are the design variables
=> we look for the feasible solutions of the constrained problem

MN={xe X, f(x)<q},

® Presence of uncertain variables : manufacturing uncertainties or
environmental uncertainties
=> the excursion set becomes a random set

Ny ={xe X, f(x,U) <qg}

Goal : quantify the impact of U on excursion sets
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: R
A toy excursion set YONALE
Toy function from (EI-Amri et al. 2021)

V(x,u) € [-5,5]* f(x,u) = —x? + 5xo — Uy + U5 — 1.

Excursion set 'y = {x € X, f(x,U) < 0}

Uy =-5
U, =0

How can we do sensitivity analysis on excursion sets ?
/39
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Another example k18

The case of pollutant concentration maps [M. Pasquier]

We consider a black box model which takes into account u a set of random
parameters and provides a map, i.e. a function ®y : (xq, X2) — dy(Xy, Xo)

Input U = (0, U, q, 3, Vmax) With,
e Wind direction 6 ~ s 10j(0.7,0.52) [rad]
* Wind speed Uy, ~ N_0.35:1.75(8,2) [M/s]

* Traffic volume g ~ SN100:500)(450, 100, —3)
[vehicle/h]

¢ Proportion of diesel and petrol engine 5 ~ U([0, 1]) [-]
e Speed limit vmax ~ U([30;50]) [km/h]

How can we do sensitivity analysis on maps ?
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Sobol indices maps [M. Pasquier]

_ Var[E[oy(x1, xp)| U]

Si(x1, X2) =

Var[®y(xq, x2)]
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Generalized Sobol indices [M. Pasquier] )
Generalized Sobol’ indices (vectorial_sobol):

m N Var{oy(x, x9)]
S =2 wSi ) with  w= P
- Yok Varl®y (6™, x )]
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Figure: Estimated generalised first-order Sobol’ indices.
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From map-valued model to set-valued model 23

u — L(X)
V: u — Ty={(X1,%,¢) €D x[0,Cnax], ¢ < dy(x1,X2)}

Var2

Goal : quantify the impact of U on random sets (excursion sets, maps, ...)
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Vorob’ev-based indices 5 CFONRALE

Sobol indices :
S - VarE[Y|U] ., EVar[Y|U]

"7 Vary Var Y
Goal
Propose a similar decomposition through the theory of random sets (Molchanov
2005).
E — Qus={xe X, P(xeTl)>0.5}
Var — E()\(FAQ()_5))
Var(r|Uj) — E(ATAQ)5)|U;)
EVar(r|U;)  +— E(AFAQ) 5))

where Q) 5 = {x € X,P(x € I'|U;) > 0.5}.
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Vorob’ev-based indices

Definition
"Sobol indices" on random sets:

SV =1

Proposition
0<SY <1

Estimation
Double loop ...
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Results 5
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Figure: Estimation of S|, for each input with 1024 model evaluations and a confidence
interval estimated with 100 bootstrap resamples.
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Universal indices 3 LYONALE
Definition (Fort, Klein, and Lagnoux 2021)

v Jo Var (BLTa(2) X)) d0(a)
S (T2 Q) = = Fa m2ydoE

where T;: (a,x) € XY™ x X — T4(x) € R is a scalar which sums up object x.
Notice that this index lies in [0, 1] and shares the same properties as its Sobol
counterparts.
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Universal indices for random sets k)

Definition (in the case of random sets)

_ Jo VarE[\(raya) | U dQ(a)
Jo Var (\(TAva)) dQ(a)

where (va)acio,1] C X is a collection of test sets parameterised by a € [0, 1] and Q
is a probability distribution on [0, 1] to choose.

e Centered balls: y5 = B(x, a) with Q ~ ([0, 3])

e Centered squares: v, = {x € [0, 1]3,||x — x0||oc < a} with Q ~ ([0, %])

e Slices along the i-th dimension: ~} = {x € [0,1]3, x’ < a} with Q ~ ¢([0, 1])
e Vorob'ev quantiles: v, = {x € [0,1]®,P(x € ') > a} with Q ~ N(%, 0.05%)

SP™(y, Q)
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Figure: Estimation of the universal indices S’ for each input and for four different test
sets and N, = 100, with 1000 model evaluations. Confidence intervals are obtained with
1g/20 100 bootstrap samples
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From Maximum Mean Discrepancy to HSIC R

Let kz : Z x Z — R be a kernel defined on a measurable space Z.

Hz (P) His
MMD (P,Q)

hiz (@)

ks (P) = Explkz(X, )]

Figure: Kernel mean embedding
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MMDY_ (P, Q) = ||tk (P) — ek, (Q) H?sz = E[kz(X, X')]+E[kz(Y, Y))] - 2E[kz(X, Y)]
where X L X' ~P,Y LY ~Q
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Let kz : Z x Z — R be a kernel defined on a measurable space Z.

Hz (P) His
MMD (P,Q)

hiz (@)

ks (P) = Explkz(X, )]

Figure: Kernel mean embedding

MMDY_ (P, Q) = ||tk (P) — ek, (Q) H?sz = E[kz(X, X')]+E[kz(Y, Y))] - 2E[kz(X, Y)]
where X L X' ~P,Y LY ~Q

MMDy, (P, Q) distance <= kz caracteristic (mean embedding injective)
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From Maximum Mean Discrepancy to HSIC R

Hilbert Schmidt Independence Criterion (HSIC), Gretton et al. 2006
HSICk (U, Y) = MMD% (P, v), Py, ® Py)
= Ik (P, v) — tiy, (Py) @ Hky(PY)Hin
ou Ki = ky, ® ky.

Proposition (case of caracteristic kernels)

HSICk(U;, Y)=0 <= U; LY
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HSIC for random sets kl8)

Issue
How to define a kernel for sets noted kget ?

HSICK heer(Uin T) = [0kt P(u1) = Hbokeer(PU; © Pr)| By

set
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HSIC for random sets kl8)

Issue
How to define a kernel for sets noted kget ?

HS/CK/@)kset(U"’ r) = HIU’KI(X)kset(P(U/,r)) - /J’K/‘®kset(]P>Ui ® PF)H?—[Ki@k

set

Proposition (Fellmann et al. 2023)
The kernel kst defined by:

My A
kset(’Y1s72) = exp <_w>

is characteristic.
HSIC decomposition

Gher - HSIC™NO(U, 1) E [(Ki(U, Uf) — 1)Kser(T ")

T HSICANOVAG ) T E[(K(U,UY) — 1)kser(T, )]
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Figure: Estimation of S,'.*“' for five input kernels, 1000 model evaluations. Confidence

intervals are obtained by bootstrap with 100 resamples
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Figure: Comparison of the four indices with a total budget of n = 1000 model evaluations.
100 bootstrap sample are used to estimate confidence intervals
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Figure: Comparison of the four indices with a total budget of n = 100 model evaluations.
100 bootstrap sample are used to estimate confidence intervals

24/32



Comparison and conclusion
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Ranking Screening Evaluations Limitations
s%" | / ANOVA ~threshold | ~ (p+1)n | X Pointwise
influence
gv X no decom- | X no screen- | X n? (double | v/ no choice
! position ing method loop) to be made
~ n but big . f
SUv |/ ANOVA ~threshold | confidence | X choice o
. the test sets
intervals
~ choice of
; v indepen- v nandsmall | kernel
S | v ANOVA dence test confidence X Interactions
intervals interpreta-
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® HSIC-based indices seem to be the most efficient except if we are interested in the interactions
between the inputs

® Methodology presented for map-valued outputs but can be used for any set-valued outputs



Faxd CENTRALE

@ LYON

Thank you for your attention !
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Estimation of Vorob’ev indices 5 CFONRALE

S04 Am(TOAQY 5 (UD))

S/ =1-=E— 22
YL Am(TVAQp 5)

where
o [0 = (U
o T(UM) = v, U%)
© Qps(UY) = {x € X, 5 XL 1, o) (x) 2 0.5)

* Am(A) = 7 Sy 1a(x?).

30/32



CENTRALE

Estimation of universal indices (rank-based estimation) 1] LYoN
The estimator SP"V of SP"V is given by the ratio between

- 1 1. . »
Snum = Na IZ B ; ()\m F(/ A’YA/ ) (Am(ﬁNI(J))A’)/a/))

1 Na 1 n 2

“m 2 [ 2 (M0 25a)

a =1 j=T1
and,
1 1 /. 1 1 & :
Sden =N Z z (Am(r A’Ya,)) YR Z - Z ( A’Ya, ) )

a'q |Mia n3

where (a)) is an iid 'sample of the law Q and N;(j) is the index in the sample (U/)

that comes after U,/- when (U,-’) is sorted in ascending order (see Gamboa et al.
2022 for details).
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The indices can be estimated using:

Foot (Ui 1) = ——2— En:(K-(U.U) U) —1)ex MV 5 (rArmy)
set i (n—1) / I i Y p 202 m .
<

Input kernels:

e the Sobolev kernel of order 1,

ksob(X,}/)=1+(X—%)(Y—;) Al =y —Ix—yl+

e the Gaussian kernel, Kpt(Xx, y) = e s (% Yy’ with o > 0,
o the Laplace kernel, kexp(x, y) = *‘ # with h > 0,
¢ the Matérn 3/2, kyja(x, y) = (1+V3X52) & 355 with h > 0,

V3
the Matérn 5/2, ks »(x, y) = (1 + /B %'Xh;y') e V575" with h > 0.
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