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Risk assessment in nuclear accident analysis

Safety studies: compute a failure risk (margins, rare events) with validated computer/numerical models
= Numerical simulators: fundamental tools to understand, model & predict physical phenomena
= Large number of input parameters, related to physical and numerical modelling

= Uncertainty on some inputs = uncertainty on output & safety margins
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Risk assessment in nuclear accident analysis

= How to deal with uncertainties in numerical simulation?

— Probabilistic framework and Monte Carlo-based methods

— CPU-expensive simulator = Use of a surrogate model* to propagate input uncertainties

- Applicative constraints/framework:

v’ Given data: a single i.i.d. inputs/output sample (x9, y;) where y; = M (x¥) — to be used

1<j<n
for multi-purpose (sensitivity analysis, uncertainty propagation... And training a metamodel)

— n-dataset denoted: D,, = (X, Ys)

v" Small sample size: n =~ 100 to 1000 simulations
v Large number of uncertain inputs: d ~10 to 100 inputs

v' Required predictive uncertainty associated to each metamodel prediction

=== | Gaussian Process Regression (GPR): particularly well-suited tool = Very popular

@ *Equivalently referred to as a metamodel, and based on machine learning techniques.



Crucial use of GPR metamodel

Design of numerical Analysis of simulator outputs
experiments
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v" Build from the n-size dataset D,, = (X,, Ys), GPR mimics the true model M,
providing a GP predictive distribution for each new evaluation point

—> How to deal with large number of inputs d?




How to build parsimonious GPR in large dimension?

1. Reminds on Gaussian Process Regression



Reminders on GPR

» Probabilistic surrogate model: response considered as a realization of a random GP [RwW06,Gra21]

Gaussian process Regression (Matérn 3/2 covariance kernel)
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Y(x)~GP(u(x), k(x', x)) ik

25k True function f(z)
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= Conditional mean y(x*) serves as the predictor at location x*
= Conditional covariance §(x*, x*) gives the predictive variance at location x*

= Predictive interval of any level a can be built at any location x™




Recommendations for parametric choices

P In practice: standard parametric choices for trend function 1 and covariance function k
Y(x)~GP(u(x), k(x', x))
= For u: either constant or linear basis

= For k: stationary covariance built-upon tensorized 1-D covariance functions of v-Matérn
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— Additional nugget effect : k(x', x) = k(x’,x) + t26,—,, (— nugget hyperparameter 1)




Estimation of GP hyperparameters (6,71)

= How to robustly estimate the hyperparameters (0, t) € RT%*! from the learning sample?

== | For good predicitivity + reliable prediction intervals = Crucial for safety applications

P Usual estimation methods [Review in MI24a]

— Maximum likelihood
— Cross-validation Mean Squared Error

— Bayesian approaches

New multi-objective estimation algorithm for more reliable GP in [MI24b]

—> Reliable results observed in practice up to a max dimension of d = 20




Validation metrics — by cross-validation (oo or k-foid ov)

Y — Predicted vs Observed (Q =0.871)

» Accuracy of the GPR predictor (only) [DIG*22]
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where 9_;(x) is the GPR predictor in x®Ywhen (x®, y;) is removed from the learning sample D,, ¢ / 2~
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» Accuracy of the whole GP predictive distribution [DIG"22, MI24a]

From empirical coverage function for « € [0,1]: A(a) = n‘lz: 1{y; € Pl _;(xV)}
i=1,..n

with Pla‘_i(x(i)) the a-level GP predictive interval for x® when (x®, y;) is removed from D,,
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Why and how to reduce dimension?

Objectives :

» Simplify and improve reliability of GPR Under our applicative constraints
hyperparameter estimation

v’ Given data: single i.i.d. sample D,
» Reduce computational burden of Bayesian

inference with GPR (UQ, calibration...) v Small sample size: n~ 100 to 1000

, , , _ _ v’ Large input dimension: d ~ 10 to 100
» Find a lower-dimensional input space preserving

most output variability, and potentially better v’ Gradient-free setting: black-box simulator
suited to GPR stationarity assumptions

[:> Proposed approach: HSIC screening + Active Subspaces (AS) + GPR [MI26] ]




How to build parsimonious GPR in large dimension?

1. Reminds on Gaussian Process Regression

2. Proposed 4-step methodology > HSIC + AS + GPR



Proposed 4-step
methodology

1st dim. reduction : d — d;

2"d dim. reduction : d; - q*

Total dim. reduction: d -» d; - q*

WA YXXXX%
INPUT

e Learning sample D,, (n obs., d inputs) e Independent test sample Diest

v d inputs

STEP 1: HSIC-based screening

Select the d; most influential inputs via HSIC independence tests (test level to have dg =~ 15-20)
— Screened dataset: DSCTen = (XSCTeen 'y ) with XsSereen ¢ Rnxds

d — d,

STEP 2: Initial GPR and estimation of C

Fit a GP on screened data: estimate GP hyperparameters and obtain GP posterior Y | D3creen
Estimate gradient covariance matrix C via Monte Carlo integration — C

STEP 3: Active Subspace identification

3a. Eigendecomposition of C: 3b. Select optimal reduced dimension ¢*
Solve C w; = \; W; and order \; > -+ > Ay, Sequential GPR fits on first j active directions:
Obtain active direction matrix: compute CV‘QQU )
— Wy = [w1,...,wg,] € REX% — Select ¢* via CV-Q? stagnation

ds — q*

STEP 4: Final reduced GPR on ¢*-dimensional active subspace

e Project inputs onto optimal active subspace: X, = XEreen Wy, with Wy, = [wy, ..., Wg.]
e Fit final GPR on D,, = (X,,Y,) and validate on test set (Q?, IAEpr)

v

ouTpPUT

GP posterior Y | D,, on active subspace W  xscreen = Dim. reduction: d — d; — ¢*




Step 1: HSIC-based screening

===) 1% dimension reduction to obtain a reduced subset of d; < d inputs, to fit an initial GPR (step2)
— Typically d; < 20

= [ HSIC-based SCREENING: Surrogate-free + gradient-free + given-data and small-data context ]

» HSIC* [GFT+07, Davl5] measures dependence between X; and Y via kernel embeddings in RKHS

2

v" Vanishes iff X;ll Y with characteristic kernels HSIC(X;Y) = Hulpx_y — Up, Py

— Independence test for screening

JHSIC(X;, Y)

v" No distributional assumption, any input type

v Estimation from a unique random sample, efficient
in practice from n~100 (U-stat and V-stat estimators)

. . . — _ Independence
bandwidth = empirical standard deviation — characteristic kernels

[ Standard kernel choice for real variables: Gaussian kernels with }

space of all probability distributions RKHS

@ *Hilbert-Schmidt Independence Criterion il _ _
Extract from a presentation by G. Sarazin (CEA)



Step 1: HSIC-based screening

» HSIC-based independence tests [GFT+07]: HSIC(X;,Y) =0 < X; LY (with characteristic kernels!)

Distribution of 7, under #, (X; L Y)

v" Null hypothesis: H,:X; LY against H;:X;4Y
v’ Test statistics: 7,: = nHSIC(X;,Y)

v" Decision rule: H,, rejected iff 7., > q,_, with gq;_, the quantile of 7, under
& iff p-value £
— Procedures to approximate the distribution of 7,, under H, [GFT+07, EM24]
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A
Step 2: build an initial GPR for AS estimation

» Fit a GPR on the reduced subset of d; inputs (selected by HSIC-test)

v" Covariance kernel choice for stable gradient estimation: Matérn-5/2 or Gaussian kernel

— The objective is to target average gradient structure, not local variation

— Clor C2-diff kernel k required, depending on estimator of gradient cov. matrix C (— next slide)

v' Nugget regularization: for training matrix only (K = K + t21,,), NOT in base kernel k
— Remove interpolator property (justified as (d-ds) non-selected inputs)
— Smoother predictor: reduces sensitivity to local fluctuations

— Preserves differentiability as it does not modify base kernel k(:,-)

[ Numerical illustration in [M126]: high-regularity kernels + nugget yield stable estimation of C ]




A
Step 2: build an initial GPR for AS estimation

P Estimate the gradient covariance matrix C [Con15] defined for a model M as:

€ = Ex[VMX)VMX)T] where YM(x) = (S (x)..... 34(x)) € R

orq

Estimation from GPR: 2 closed-form estimators from posterior distribution of V'Y |D,, (which remains a GP)

> (requiring k € C1): only based on the posterior mean of V'Y|D,,
Cotug-in = Ex[VI(X)VHCO)T]
— Bayesian estimator C‘Bayes (requiring k € C?): based on the full posterior distribution of VY |D,,
Crayes = E[Ex[(VY D) (VY D) ]
— CRayes= + Ex|Cov[VY|D,]|

Eests in [MI26]: negligible accuracy gain of C‘Bayes, Cplug_in is even more robust = default choice ]



Step 3: identify Active Subspace

» Eigenvalue decomposition of C € R%s*4%s: ¢ = WAWT

with W the matrix of eigenvectors and / the diagonal matrix of ordered eigenvalues 4, > - > 1, =0

» Sequential GPR construction:

, T . _
1. Project input data onto the j first active directions: uY) = (ng)) X with ng) € R4s>J

2. Fit a GPR surrogate on corresponding training dataset D,Sj) (see details for kernel below*)

3. Estimate the predictivity coefficient Q*(j) via K-fold CV

» Selection of optimal dimension g* of active subspace — Stagnation criterion of Q?(j)  See [MI26]
for heuristics

— Balance parsimony against accuracy of the final reduced GP

*Kernel notes for sequential GPR:
* Nugget is part of the kernel k = k + 726 (unlike Step 2) to absorb approximation error from restricting to j < ds directions
* No constraint here on covariance regularity, freely chosen to optimize predictive performance




Step 4: Final reduced GPR

» Final GPR construction on active subspace of dimension g* (g~ first active directions)

» Validation by computation of Q% and IAEp,;

Large dataset — Test set available Small dataset — outer cross-validation O

v’ Compute directly Q2 and IAEp; on test set v Fix dg (Step 1) and g* (Step 3) from full dataset

v Each fold: re-estimate Steps 2—3 on training
portion, compute residuals on test portion

v’ Aggregate residuals - final CV Q2 and IAEp;

— Unbiased estimate of generalization
performance

— Slightly biased estimate of the error

Analytical benchmarks in [MI26]: diverse variable subset embeddings, projections & intrinsic dimensionalities
—> Robustness of methodology confirmed

— At equal reduced dim., AS+GPR identifies more performant subspaces than variable selection




How to build parsimonious GPR in large dimension?

1. Reminds on Gaussian Process Regression

2. Proposed 4-step methodology > HSIC + AS + GPR

3. lllustration on thermal-hydraulic simulation testcase



Pressurized Water Reactor scenario:

Loss of primary coolant accident due to a break in

cold leg — IB-LOCA accident

LSTF mock-up (1/48 scale) simulated with
thermal-hydraulic CATHARE2 code

— CPU cost for one code run > 1 hour

d = 27 uncertain input variables X:

Critical flowrates, initial/boundary conditions, physical
equation coefficients, scenario parameters...

Output of interest
2" peak of cladding temperature (PCT) -~

7

—> Critical safety indicator for licensing constraint
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Application: IB-LOCA Thermal-Hydraulic simulation

3 approaches compared : constant mean + anisotropic stationary Matérn-5/2 for all GPRs

1. Full-dim GPR baseline: full d=27 inputs

2. HSIC+GPR:
v Standard HSIC screening with @ = 0.1 + GPR on selected inputs (kernel with nugget)

3. AS+GPR [our 4-step methodology] with:

v Stepl: o adaptive = ds=20
v Step2: nugget for training kernel matrix only, plug-in estimator
v’ Step3: Q?-stagnation criterion of to select g* (CV with 8 folds)

» Training set: 1445, = 700 simulations

» Test set: nypr =300




Application: IB-LOCA Thermal-Hydraulic simulation

0% (predictivity)

1ROSA2 IB-LOCA: predictivity vs reduced dimension
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Full-dim GPR:dimd = 27
Q2=0.936 IAE, =0.062

— High dimension, poor coverage

[HSIC + GPR: dimd* = 10

Q?=0.929 IAE, =0.087
— 63% dim. reduction, predictivity
\_preserved but degraded coverage
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(" AS + GPR: dim ¢* = 6

Q*=0.934 |AE, =0.047
— 78% dim. reduction, no Q? loss and

\_better coverage
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Conclusions

» Methodology for an efficient and parsimonious GPR from Active Subspace:

v' GPR benefits greatly from preliminary HSIC-based screening: it allows to fit a 15t GPR in medium
dimension (dim <20) to obtain a correct estimation of the gradients — Reliable AS estimation

v" Optimal AS reduction: heuristic approaches proposed to select the optimal number of eigenvectors
to keep, to balance GPR predictivity and dimension reduction

v Final estimation of a low-dimensional GPR: in reduced space derived from AS linear embedding
—> Handles high-dimensional, gradient-free problems effectively

= More cost-effective use of low-dim GPR for UQ tasks in the Bayesian framework

» Extension to modified active subspaces [Lee19]

» Extension to non-linear embedding combined with selection or sparsity algorithm

IMI126] A. Marrel and B. looss (2026), Gaussian process and active subspace recipe for parsimonious
@ metamodeling. Preprint (cea-05658731).
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Why choosing Active Subspaces (AS)?

Approach Advantages + Limitations X
Linear embeddings Simple, interpretable, , Adapted to our
. . : May degrade with —) A :
AS, PCA, random projections, linear small data-friendly, strong nonlinearities applicative settings
manifolds [Con15, TBG16, WHZ+16, RWB+20]  theoretical guarantees and objectives

Non-linear embeddings coupled with GPR
Deep kernel learning, deep GP, VAE...
[WHS+17, DL13, TB19]

Large data needed
Expensive
Low interpretability

Expressive for
complex functions

Additive / ANOVA-type GP
Additive GP, sparse ANOVA kernels...
[DRC13, DNR11] + Review of [BW22]

Effective for sparse Complex model selection
additive structures Not general-purpose

— Our contribution [MI26]: a practical 4-step methodology combining GPR with AS in gradient-free
settings, robustly estimating AS and selecting the optimal number of active directions




Estimation of GP hyperparameters (6,71)

= How to robustly estimate the hyperparameters (0, t) € RT%*! from the learning sample?

== | For good predicitivity + reliable prediction intervals = Crucial for safety applications

P Usual estimation methods [Review in MI24a]

—_—

— Maximum likelihood lll-posedness, problem of flatness of
- functions to be minmized

— Cross-validation Mean Squared Error

—=
—

CPU ++, delicate choice of priors

— Bayesian approaches —
y PP Except RobustGAsp method

==

New multi-objective estimation algorithm for more reliable GP in [MI24b]

—

—> Reliable results observed in practice up to a max dimension of d = 20




Step 1: HSIC-based screening

15t dimension reduction to obtain a reduced subset of d; << d inputs, enabling reliable initial
GPR estimation in Step 2 — Typically d; < 20

== | HSIC-based SCREENING: Surrogate-free + Gradient-free + Adapted to given-data and small-data context

» HSIC* ([GFT+07]) measure dependence between X; and Y via kernel embeddings in RKHS

2

HSIC(X;Y) = MMD?*(Pyx, v, Px ®Py) = Huu»xiy — Upy @Py

v’ HSIC: Estimation of from a unique random
sample, efficient in practice from n~100

v HSIC "summarizes" the cross-cov between HSIC(X,, Y)
feature maps = Large panel of input-output
dependency captured [Dav15]

Independence

space of all probability distributions RKHS
@ * Hilbert-Schmidt Independence Criterion for the input-output pair (X;, ¥)

MMD: Maximum Mean Discrepancy Extract from a presentation by G. Sarazin (CEA)



Dealing with the large input dimension

» HSIC-based ranking [Dav15] :

B HSIC (X,Y)
SIC ™ [HSIC(X,X)HSIC (Y,Y)

RZH = Rfsc € [0,1] for easier interpretation

Influence(X[y;) > Influence(X[z;) > --- > Influence(Xq4;)

D2
>"'>RHX

Where order [-] is such that R% y > R% X

2]

— Use for ranking of inputs

Inputs ordered by degree of influence

|

Can be used for more robust sequential GPR estimation

= “forward” estimation of GPR hyperparameters: successive inclusion of ordered inputs




HSIC review: a kernel-based GSA method

» MMD? applied between Py y and Py ® Py = HSIC(X, Y):H‘Xi,g.[y
Hy, and Hy RKHS associated to X; and Y, resp :
Kernel ky : X; X X; - R with feature space Hy; and feature map ¢y,

Kernel ky: Y X Y - R with feature space Hy, and feature map ¢y

Kx,(x, x") = (gx, (%), ‘PXi(x’))}(X_and Ky, ") = oy (), @v(Y' D3y kemnel defines the inner product in the RKHS

HSIC = distance in the RKHS between the images of the two distributions of interest Gretton et al. [2005]

2
= HSIC(X;, Y)3¢y 30, = MMD%[Xi,.‘H‘y(PXiY ,Px,®Py) = ”H]PXiy - HPXi®IP>y||

:]{Xir‘}ty

H.u’[PX.iY — HPx, ®@Py H’H

HPx, ®Py

H, @ Hy
Space of all probability distributions Tensorized RKHS
for the input-output pair

Extracted from G. Sarazin’s (CEA) slides



HSIC review: a kernel-based GSA method

» MMD? applied between Py y and Py Q Py = HSIC(X;,Y) s, s,
l
Hy, and Hy RKHS associated to X; and Y, resp :

Kernel ky : X; X X; - R with feature space Hy; and feature map ¢y,

Kernel ky: Y X Y - R with feature space Hy, and feature map ¢y

Kx,(x, x") = (gx, (%), ‘PXi(x’))HX_and Ky, ") = oy (), @v(Y' D3y kemnel defines the inner product in the RKHS

HSIC = distance in the RKHS between the images of the two distributions of interest Gretton et al. [2005]

:HSIC(XU Y)}[Xi!}[y — MMD.%{Xi,g{y(PXiY’PXi®PY) = ||CX'Y||ZS

With Cy y the covariance operator between features maps:
Cxy = Exylox(X)®@y(Y)] — Ex[@x(X)|QEy[@y(Y)]

HSIC "summarizes" the cross-cov between feature maps

= Large panel of input-output dependency can be captured.




HSIC review: a kernel-based GSA method

» Characteristic kernels and RKHS = Injective canonical feature map

= Equivalence to independence: HSIC(X,Y) =0 X 1Y
Ex: Gaussian Kernel , 2)

k(x;,x;) = exp (_%

» Estimation: Kernel Trick = Feature map linked to kernel function

Very simple M-C estimator from a n-sample of simulations (Xlg),Y(i))1 _
<js<n

HSIC(X;, Y) = —Tr(K HLH)

1<j,j'sn

where H = I, ( xP, X(’ ) ) and L = (k(y(j),y(j')))
1<j,j/sn

» Statistical Properties:
* Asymptotically unbiased, variance of order O(1/n)

* IfX LY, nHSIC(X,Y) converges asymptotically to a Gamma distribution



HSIC review: a kernel-based GSA method

HSIC-based independence tests for screening

How to have the distribution nHSIC(X;,Y) under H to compute p-value?
» If n large: asymptotic test based on approximation with Gamma law (Gretton et al. (2008])

» If n small: Permutation-based approximation (De Lozzo & Marrel [2016a], Meynaoui [2019], El
Amri & Marrel [2021a])

Gamma distribution

_ |
hsic, . P-value = Pr [ HSIC(X;, ¥) > hsiC,c]

p’-V/aIJe

I I I T I
0.000 0.001 0.002 0.003 0.004

200 400 600 800 1000
|

0

Interpretation of p-value for a level a (o = 5% or 10%) for screening:
@ » pval < a = H, (Independence) rejected = X; is significantly influential




GPR validation

» Validation criteria computed by cross-validation (LOO or K-fold CV) [DIG*21]

— Accuracy of the whole GP conditional distribution [DIG*21,ABG23]

n
—~ 1 .
From empirical coverage function for a€[0,1]: A(a) = —z 1{y; € PI, _;(x®)}
n )
i=1

with Pla’_i(x(i)) the a-level GP prediction interval for x(® when (x®, y;) is removed from learning sample

Accuracy of Gp prediction intervals

— a-Pl Plot

Accuracy of Gp prediction intervals
08}

— Integrated Absolute Error on A(a) 0.8

[MI24a]

IAEa = [ |A(@) - af

06

0.6

04r

il iAEa ~ 0.05 0.4

021

[AEa = 0.2

0.2}

Observed o (rate of data in the interval)

0 0.2 0.4 0.6 0.8 1
Level of prediction interval o

Observed o (rate of data in the interval)

0 0.2 0.4 0.6 0.8
Level of prediction interval o




GPR validation

» One message: Joint interpretation of Q% and IAEa ! [MI243]

Criterion Values Interpretation

Value close to 0 Only if Q% is also high, reliable predicted confidence intervals

|IAEa
Unreliable predicted prediction intervals ("underconfident" or

"overconfident" model)
—> Explanation from cross-interpretation with Q> and a-PI plot

High values, close to
0.5e.g.




Application: IB-LOCA Thermal-Hydraulic simulation

ROSA2 IB-LOCA: predictivity vs reduced dimension

5

o

— Eigenvalues

—8— AS+GPR (Test)

- » = AS+GPR (CV)
=i~ HSIC+GPR (Test)
---------- Full-dim GPR (Test)

Y

S S
(=]

Eigenvalues
—e—AS+GPR (Test)
——~—-AS+GPR (CV)
——=——HSIC+GPR (Test)
Full-dim GPR (Test)

Eigenvalues of C (log-scale)

Eigenvalue (linear scale)

2. o o
~ @ ©

@2 (linear scale)

o
o

(=}
n

1.0.95

0.9

10.85

10.8

10.75

0.7

10.65

0.6

10.55

0% (predictivity)

IAEp; (coverage metric)

01r

0.09

0.01

5 10

15

20

ROSAZ2 IB-LOCA: coverage error vs reduced dimension

—8— AS+GPR (Test)
g~ HSIC+GPR (Test)
---------- Full-dim GPR (Test)

.;_ 4 6 8 10 12 1:1 1'6 1‘8 20" 2 ; é z; 1‘0 112 1|4 116 1I8 2.0
Reduced dimension q Reduced dimension q
Full-dim GPR : dimd = 27 HSIC + GPR: dimd™ = 10 AS + GPR: dimqg® = 6
Q2=0.936 IAE,, = 0.062 Q*=0.929 IAE, =0.087 Q*=0.934 1AE, = 0.047
- H/gh dimension, poor coverage — 63% dim. reduction, predictivity — 78% dim. reduction, no Q? loss and
preserved but degraded coverage better coverage




AQ?

lllustration of methodology for parsimwoniouls GPRI

14 B
Becker Model Mpecker, [Bec20] W|th order 2 interaction effects: e —
1.2 Non-monotonic ) Exponential \ \
Linear
MBecker(T,u, V,0) = Za%f““b (x;) —}—be v“ m) Vi (wi) with © = {a, b} 0 = \ T\ —
. Z 1 08 —\\‘\\ r g | \‘ =7 |
— Built-upon a collection of 9 elementary functions f* - | X i ] -
: . . 06/ \ \ | =
— Random sampling of parameters {u,V,®} — Randomized function M gecker N
0.4 - \\ L
d = 20 independent uniform inputs: Vi € [1,20], X;~ U([0,1]) i /! fj,;;::,—;%:,;::iiﬁﬁf/f' |
- . 0 = st 7 B e — = <N
For each size n, 20 random draws of M gacker functions. B p o R
. . . 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
(On average 70% of primary effects + 30% of interaction effects) x
AQ? on Test sample (w.r.t. Full GPR on X) d = 20  Dimension Reduction (%) . ]
I [ Results for GPR with Matern 5/2 covariance
o A ) i e e Tl 071
T % T il I » Predictivity Preserved : With g selected by
-0.02 f oo ... . .
H S| maximizing or stagnating Q2 (estimated by CV*)
Rl g .l | — reduced GPR explains less than 5% less
006 | J l \ 2 osl % variance compared to the high-dimensional GPR
008l é . 1
g 027 l % » Significant Dimension Reduction: On average,
01 = . . . L.
: 5 o4} 25% (respectively 50%) with heuristic based on
012} [ JAS+GPRwithq=d [__1AS+GPR withq =d c . ) ) 2
————Jotipiniy —— 0 | — | __JAS++GPR with qopt by max CV-Q2| — - - maximization (respectively stagnation) of Q“ .
.| Q;G?J;Rwit:;gs:’x};ta:‘g\x c?zz AS«;GPR with qopt by s:ag. cv-Q2 ( P y 8 ) Q
' : x : x : -0.1 - : :
50 100 200 50 100 200

n n CV* : cross-validation



