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Why quantile oriented indices?

Variance based indices

X = (X1, . . . ,Xd) a random vector of input variables, Y = f (X) an
output model. If the Xi ’s are independent, the Sobol indices, Sobol
(1993)1, quantify the impact of the Xi ’s on the variability of Y :

Si = Var (E[Y |Xi ])
Var(Y ) .

Sensitivity is considered only with respect to the mean (since it
involves variances). What about other interesting quantities such
as quantile?

1 IM Sobol’ (1993). In: Math. Model. Comput. Exp.
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Why quantile oriented indices?

From Sobol indices to QOSA

Sobol indices rewrite:

Si = Var (E[Y |Xi ])
Var(Y )

Si =
E
[
(Y − E[Y ])2

]
− E

(
E
[
(Y − E[Y |Xi ])2 |Xi

])
E
[
(Y − E[Y ])2

]

Si =
min
θ

E
[
(Y − θ)2

]
− E

(
min
θ

E
[
(Y − θ)2 |Xi

])
min
θ

E
[
(Y − θ)2

]
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Why quantile oriented indices?

Quantile oriented sensitivity analysis
QOSA: Quantile Oriented Sensitivity Analysis index: (Fort et al.
2016)

Sαi =
min
θ∈R

E [ψα(Y , θ)]− E
[

min
θ∈R

E [ψα (Y , θ) |Xi ]
]

min
θ∈R

E [ψα(Y , θ)]

Sαi = E [ψα (Y , qα(Y ))]− E [ψα (Y , qα(Y |Xi))]
E [ψα(Y , qα(Y ))]

with the contrast function ψα : (y , θ) 7→ (y − θ)(α− 1y≤θ),
α ∈ [0, 1]. ψα is like an asymetric distance with the property that
arg minθ∈R E [ψα (Y , θ) |Xi ] = qα(Y |Xi) (α-level quantile).
Properties of Sαi : 0 ≤ Sαi ≤ 1,
Sαi = 0⇐⇒ Y and Xi are independent; Sαi = 1⇐⇒ Y is Xi
measurable.
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Quantile oriented Shapley effects - QOSE

Limits of QOSA indices

Not automatically normalized (sum less than one for additive
model with independent inputs)
No intrinsic decomposition
Interpretation not so easy and meaningless in case of
dependencies.

=⇒ proposition of QOSA-Shpaley effects or QOSE.
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Quantile oriented Shapley effects - QOSE

Variance based Shapley effects

v i =
∑

u⊆{1,...,d}\{i}

(d − |u| − 1)!|u|!
d! (c (u ∪ {i})− c (u)) ,

c(·) is a generic cost function which maps the exploratory power
generated by each subset u ⊆ {1, . . . , d}. Variance-based
sensitivity measures: Shapley effect of the i-th input, Shi defined
using the cost function2: c(u) = E [Var [Y |X−u]] /Var(Y )3;

Shi > 0 and
d∑

i=1
Shi = 1.

2Art B Owen (2014). In: SIAM/ASA Journal on Uncertainty Quantification
Eunhye Song, Barry L Nelson, and Jeremy Staum (2016). In: SIAM/ASA

Journal on Uncertainty Quantification
3Or equivalently c̃(u) = Var [E [Y |Xu]] /Var(Y )
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Quantile oriented Shapley effects - QOSE

A cost function for quantile oriented sensitivity analysis

Quantile based cost function option: consider4

c(u) = E [ψα (Y , qα (Y |X−u))]
E [ψα(Y , qα(Y ))] .

c(u) has non negative increments: c (u ∪ {i})− c (u) ≥ 0, use it
as a cost function =⇒ QOSE indices denoted Sαi .
Fairly distributes input effects.
Should be usefull to better understand blackbox models such as
machine learning tools.
Can be interpreted as a percentage of the global cost
E [ψα(Y , qα(Y ))].

4 Kévin Elie-Dit-Cosaque and Véronique Maume-Deschamps (2022). In:
SIAM/ASA Journal on Uncertainty Quantification
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Quantile oriented random forests

Estimating QOSA / QOSE

Estimating Sobol’ index may avoid the estimation of the
conditional distribution by using Var (E[Y |Xi ]) = Cov(Y ,Y ′) with

Y ′ = f (X′), X′ = (X ′1, . . . ,X ′i−1,Xi ,X ′i+1, . . . ,X ′n)

X ′j independent copy of Xj .
No such formula for E [ψα (Y , qα (Y |X−u))].
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Quantile oriented random forests

Estimating QOSA / QOSE

The estimation of QOSA / QOSE’ indices requires to estimate the
conditional distribution Y |Xi . For QOSA,

Kernel methods5 optimal window width difficult to calibrate,
requires a large number of calls to the costly function f .
Random Forest method Less calls to f , time consuming
nevertheless6.
We combine quantile oriented random forests and projection7,
works also for QOSE.

5Véronique Maume-Deschamps and Ibrahima Niang (2018). In: Statistics &
Probability Letters

Thomas Browne et al. (2017). In:
6 Kevin Elie-Dit-Cosaque and Véronique Maume-Deschamps (2024). In:

Computational Statistics
7 Ri Wang, Véronique Maume-Deschamps, and Clémentine Prieur (2026).

In: Journal of Statistical Planning and Inference
Véronique Maume-Deschamps et al. (2026). Work in progress
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Quantile oriented random forests

Quantile random forests

From a random sample (Xj ,Y j), j = 1, . . . , n, recursive
construction of a tree.
For a node A of size nA, split on (k, z) that minimizes8:

∆k,z = nL
nA
· 1nL

∑
j∈AL

ψα(Y j , q̂L) + nR
nA
· 1

nR

∑
j∈AR

ψα(Y j , q̂R) where:

AL = {Xj ∈ A : X j
k ≤ z} is of size nL and AR = {Xj ∈ A : X j

k > z}
is of size nR ;
q̂L, q̂R are empirical α-quantiles of Y in AL, AR .
It maximizes the empirical counterpart of
E[ψα(Y , qA)|X ∈ A]− P[X ∈ AL|X ∈ A]E[ψα(Y , qL)|X ∈
AL]− P[X ∈ AR |X ∈ A]E[ψα(Y , qR)|X ∈ AR ].

8 Harish S Bhat, Nitesh Kumar, and Garnet J Vaz (2015). In: 2015 IEEE
International Conference on Big Data (Big Data). IEEE
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Projected random forests

How to obtain conditional informations from a tree?

QOSA / QOSE estimation require to estimate quantities like
E [ψα (Y , qα (Y |Xu))], u ⊂ {1, . . . , d}, it may be achieved by
using projected random forests9. For a query point xu ∈ Xu:

Project the forest’s partition onto the subspace spanned by
Xu.
For each tree, follow the path of xu ignoring splits on variables
/∈ u.

The estimations (conditional quantiles, conditional means) are
done in the projected leaves.

9 Clément Bénard et al. (2022). In: International Conference on Artificial
Intelligence and Statistics. PMLR
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Projected random forests

How to obtain conditional informations from a tree?
Example in dimension p = 2 and with u = {1}.

X1

X2

1

2

3

4

5

6
7

8

9

10

11

12

13

14

15

x

X1 <= 0.7

X2 <= 0.6

X1 <= 0.25 X1 <= 0.35

X2 <= 0.3 X1 <= 0.45

X1

X2

1

2

3

4

5

6
7

8

9

10

11

12

13

14

15

x

{9,13,3,5,15,6,1,2,10,11,12,14}

{9,13,3,5,15,6,1,2,10,11,12,14}

{2,10,1,11,12,14}

A(x) = {12,14}
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Projected random forests

Importance sampling, estimation of QOSE
Reduce the estimation cost (for d large) due to

∑
u⊂{1,...,d}\{i}

in the

definition of Shapley effects, by considering only some u’s: sample
uniformely9 K subsets u vs sample with respect to some
importance in the trees construction10. We improved11 this
importance sampling notion.

For each variable j , record the occurrences, of j as a splitting
variable in any path, and any tree of the forest → mj .
Define subset u occurrence as: f (u) = minj∈u mj
Normalize to get p̃B,n(u), a probability distribution on
P({1, . . . , d}).

9 Eunhye Song, Barry L Nelson, and Jeremy Staum (2016). In: SIAM/ASA
Journal on Uncertainty Quantification

10 Clément Bénard et al. (2022). In: International Conference on Artificial
Intelligence and Statistics. PMLR

11 Véronique Maume-Deschamps et al. (2026). Work in progress
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Projected random forests

Importance sampling, estimation of QOSE
Reduce the estimation cost (for d large) due to

∑
u⊂{1,...,d}\{i}

in the

definition of Shapley effects, by considering only some u’s: sample
uniformely9 K subsets u vs sample with respect to some
importance in the trees construction10. We improved11 this
importance sampling notion.

Covers all subsets (not just ordered ones).
Preserves importance trends (e.g., subsets with influential
variables have higher probability).
Empirical validation: More accurate QOSE estimates in
simulations.

9 Eunhye Song, Barry L Nelson, and Jeremy Staum (2016). In: SIAM/ASA
Journal on Uncertainty Quantification

10 Clément Bénard et al. (2022). In: International Conference on Artificial
Intelligence and Statistics. PMLR

11 Véronique Maume-Deschamps et al. (2026). Work in progress
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Example: Gaussian inputs and lognormal output

Consider Y = f (X) = exp
(
β0 + βTX

)
with β0 ∈ R, β ∈ Rd and

X ∼ N (µ,Σ) with Σ ∈ Rd×d a semi-positive definite symetric
matrix.
Closed form formulas for QOSA indices and QOSA-Shapley
effects12.
Example in dimension 2 with µ1 = µ2 = 0, β1 = β2 = 1, σ1 = 1
and σ2 = 2, for independent (ρ1,2 = 0) inputs and correlated
inputs with ρ1,2 = 0.75.

12 Kévin Elie-Dit-Cosaque and Véronique Maume-Deschamps (2022). In:
SIAM/ASA Journal on Uncertainty Quantification

19 / 30



Introduction Estimation strategy Analytical and concrete examples Conclusion References

Example: Gaussian inputs and lognormal output
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Dependent inputs: 1, 2 = 0.75
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Sh1
S2
ST2
Sh2

Sandwich effect: QOSE between order one and total QOSA
indices.
Same ranking for all α-levels, QOSE is easier to interpret, it
properly condenses all the information (dependence and effects on
quantiles).
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Estimation of QOSE: leafsize issue

The estimation of QOSE is sensitive to leafsize. An example (linear
Gaussian model): Y = βᵀX , d = 3.

Parameters
β = (1, 1, 1)ᵀ

X ∼ N (µ,Σ)
µ = (0, 0, 0)ᵀ

Σ =

1 0 0
0 1 ρ
0 ρ 4

 , ρ ∈ {−0.5, 0, 0.5}
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Estimation of QOSE: leafsize issue
The estimation of QOSE is sensitive to leafsize.

Figure for α = 0.5, 20 repetitions. Remark that for the linear
Gaussian model, QOSE indicies do not depend on α.
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A heuristic for the leafsize selection

For fixed K , a set of subsets {1, . . . , d} = {u1, . . . , uK}, and a
minimum leafsize m, consider the loss function:

L(m) =
K∑
i=1

ĉ(ui |m)

where ĉ is the estimator of c, with m as the minimum leafsize in
the projected trees. Recall

c(u) = E [ψα (Y , qα (Y |X−u))]
E [ψα(Y , qα(Y ))] .

Select: m0 = leaf.size the smallest value where L(m) stagnates
(stops decreasing).
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A real dataset

Bias between the predictions from MOCAGE (Modèle de Chimie
Atmosphérique à Grande Echelle) and the observed ozone
concentration.
This dataset12 contains 10 variables with 1041 observations.
O3obs: observed ozone concentration will be explained by the 9
other variables.

JOUR: type of day (holiday vs no holi-
day)

STATION: site of observations (5 differ-
ent sites)

MOCAGE: ozone concentration pre-
dicted by a fluid mechanics model

TEMPE: officially predicted tempera-
tures

RMH2O: humidity ratio NO2: nitrogen dioxide concentration
VentMOD: wind force VentANG: wind direction
NO: nitric oxide concentration

12 Philippe Besse et al. (2007). In: Pollution atmosphérique
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Application on a real dataset: results
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Evolution of the ranking of the QOSA indices in function of the levels α.

Considering the central effects leads13 to consider MOCAGE and
TEMPE as the most influencial variables, then STATION and
NO2. We see that for quantile levels ≥ 0.6 wind and humidity are
also important.

13 Philippe Besse et al. (2007). In: Pollution atmosphérique
Baptiste Broto, Francois Bachoc, and Marine Depecker (2020). In:

SIAM/ASA Journal on Uncertainty Quantification
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Conclusion.

Goal oriented random forests give better results than CART
based random forests for QOSA. Projection of quantile
random forests allows estimation of QOSE.
QOSE are interesting sensitivity indices, give informations on
the sensitivity around quantiles, fair repartition of the impact
of each variable, even with dependent inputs.
Work in progress for optimized code (R / cpp).
Consistency results for QOSA and QOSE estimations14.
Asymptotic distributions / confidence intervals for QOSA/E
indices?

14 Kevin Elie-Dit-Cosaque and Véronique Maume-Deschamps (2024). In:
Computational Statistics

Ri Wang, Véronique Maume-Deschamps, and Clémentine Prieur (2026).
In: Journal of Statistical Planning and Inference

Véronique Maume-Deschamps et al. (2026). Work in progress
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