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Physics constraints for incompressible flows

Many physics problems are governed by linear constraints, for example:

= The law of conservation of mass implies linear relationships between the concentrations or proportions of different
chemical species in a given solution

@ ENBIS - Nassouradine Mahamat 08/09/2026 2/15



Physics constraints for incompressible flows

Many physics problems are governed by linear constraints, for example:

= The law of conservation of mass implies linear relationships between the concentrations or proportions of different
chemical species in a given solution

= The incompressibility condition in fluid dynamics leads to linear constraints on the velocity field or, equivalently, a zero-
trace stress or strain tensor

y(x) = [111 (%), T2 (%), k(%)]

P=3xS§

711(%) ER? 752(%) € RS k(x) € RS g &

Reynolds stress tensor 7;; = u{u]’ and the turbulent kinetic energy k
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Linear constraints from physics

yx) = [y (), ..,y (%)]
P=QxS$

yl(x) € RS y%(x) € RS

In this work, we are considering:
* An observed Q-dimensional vector field output on a fixed mesh of size S : y; = (yl-l, . iQ) € (R%)?

 The vector output regression function to estimate: f = (f1, ..., f9): X — (R%)?
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Linear constraints from physics

P=0QxS

y@) = [y (), .., y° )] an(x) .. + +a?(x)

y'(x) € RS y?(x) € RS c(x) ER’

In this work, we are considering:
* An observed Q-dimensional vector field output on a fixed mesh of size S : y; = (yl-l, ...,yiQ) € (R%)©
 The vector output regression function to estimate: f = (f1, ..., f9): X — (R%)?

* The class of linear constraints defined through the sum of the Q scalar fields fj (.):

Q

FI@ = ) d@P@=cx) @

=i

where @/ (.) are input-dependent scalar weights, fj(.) and c(.) are scalar fields. We assume @’ and ¢ are known.
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Problem statement

Simultaneous modeling of linearly constrained fields

We are considering the multi-output regression task of finding f =
(fi, s fg): X — Y, such that:

( y = f(x), y is a high dimensional tensor, i.e. P ~ 10°
{ Q

FIOI = ) dd(f () = c@)

L =
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Problem statement

Simultaneous modeling of linearly constrained fields | Main mathematical tools:

We are considering the multi-output regression task of finding f =

(fir s fo): X — Y, such that: *  Multi-output Gaussian process regression!!l
1 JQ)" ’ .

— Suited for small data context
— Provides naturally uncertainty quantification with the prediction
— Can deal with constrained problems

X Not suited for high dimensional output

( y = f(x), y is a high dimensional tensor, i.e. P = 10°

$ Q
FIOI = ) dd(f () = c@)

e  Principal component analysis
L j=1 : — Linear and explicit reconstruction error

@ ENBIS - Nassouradine Mahamat [1] Alvarez , M. A,, Rosasco, L., & Lawrence, N. D. (2012) 08/09/2026 415



Handling linear equality constraints

Q

> @@ = @)

j=1
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Handling linear equality constraints

Q

> @@ = @)

j=1

Principle of deductive approach

*  Select arbitrary one output f*

«  Build unconstrained surrogates (f/,j # I) on the
remaining Q-1 outputs (independent or joint modeling)

* Deduce fl prediction using constraint equation:

— 1 i
F'=am (c(x) =Y d@p (x))

j#l
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Handling linear equality constraints

Q

> @@ = @)

j=1

Principle of deductive approach Parametrization approach? : Constrained GP

Rewrite the linear constraint on f: L[f] = 0, L linear operator

Suppose that: f(x) = G,[g]

Then we impose the constraint on the linear operator g,:

[ £[G,] = 0 ]

*  Select arbitrary one output f*

«  Build unconstrained surrogates (f/,j # I) on the
remaining Q-1 outputs (independent or joint modeling)

* Deduce fl prediction using constraint equation:

— 1 i
F'=am (c(x) =Y d@p (x))

j#l

* Gaussian processes are closed under linear transformation
g ~GP(ug(x), ky(x,x")
we() = Golpgl  kr = GrkyGh

[2] Jidling, C., Wahlstrém, N., Wills, A., & Schén, T. B. (2017)
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Constrained Gaussian Process regression

Given a linear constraint on f: L[f] = 0, £ linear operator

Parametrization approach?:

» Suppose that: f(x) = G,[g]

* Then we impose the constraint on the operator G,:

[ £[G,] = 0 ]

* Gaussian processes are closed under linear transformation
g ~GP (g (x), kg (x,x"))
.uf(x) = gx[ﬂg]' kf = gxkggg

[2] Jidling, C., Wahlstrém, N., Wills, A., & Schén, T. B. (2017)
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Constrained Gaussian Process regression

Given a linear constraint on f: L[f] = 0, £ linear operator Constrained GP illustration
o A o
Parametrization approach!?!:
* Suppose that: f(x) = G,[g] i
* Then we impose the constraint on the operator g,: . ¢ .
[ LGl = 0 ]
* Gaussian processes are closed under linear transformation B . o
g ~GP (g (x), kg (x,x"))
.uf(x) = gx[ﬂg]' kf = gxkggg )

lllustration: L[f]=fi+f, =0

[2] Jidling, C., Wahlstrém, N., Wills, A., & Schén, T. B. (2017)

@ ENBIS - Nassouradine Mahamait 08/09/2026

6/15



Constrained Gaussian Process regression
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Constrained Gaussian Process regression

. . . . nstrai i i
Given a linear constraint on f: L[f] = 0, £ linear operator Constrained GP illustration

3 @ Trainy;
e Trainy;

Parametrization approach®: T ey,
* Suppose that: f(x) = G,[g]

* Then we impose the constraint on the operator G,:

[ £[G,] = 0 ]

* Gaussian processes are closed under linear transformation
g ~GP (g (x), kg (x,x"))
.uf(x) = gx[ﬂg]' kf = gxkggg

lllustration: L[f]=fi+f, =0
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T 1 -1
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Constrained Gaussian Process regression

. . . . nstrai i i
Given a linear constraint on f: L[f] = 0, £ linear operator Constrained GP illustration

3 ® Trainy;
e Trainy;

Parametrization approach®!: e
—=- SO-GPiy1+y:
2 —— Constrained MOGP

* Suppose that: f(x) = G,[g] . cocPyey

—-—- MOGP-C:y1+ y2

* Then we impose the constraint on the operator G,:

[ £[G,] = 0 ]

* Gaussian processes are closed under linear transformation
g ~GP (g (x), kg (x,x"))
.uf(x) = gx[ﬂg]' kf = gxkggg

lllustration: L[f]=fi+f, =0
¢ Gx =1[1,—1]

T 1 -1
© () = g ] ke = [_1 1 ]kg

[2] Jidling, C., Wahlstrém, N., Wills, A., & Schén, T. B. (2017)
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Comparison of deductive approaches and Constrained MOGP

Deductive approaches: LCM, Independent GP Analytical benchmark:

Joint approach: Constrained MOGP D=3S=10Q0=3P=23 f1 = Ishigami function
*  Normalized inputs x € R3 f? = Branin function
. Normalized outputs f3 = —f1 - fz

Main findings

X Heterogenous performances in deduction-based

methods, independent from the size of
training set N

v Constrained MOGP achieves better or comparable
predictive accuracy against best scenario of
deductive approaches
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Comparison of deductive approaches and Constrained MOGP

Deductive approaches: LCM, Independent GP Analytical benchmark:

Joint approach: Constrained MOGP D=3S=10Q0=3P=23 fl = Ishigami function
*  Normalized inputs x € R3 f? = Branin function
. Normalized outputs f3 = —f1 - fz

Main findings

X Heterogenous performances in deduction-based

methods, independent from the size of
training set N

v Constrained MOGP achieves better or comparable
predictive accuracy against best scenario of
deductive approaches

Problem: O(N3P3) complexity !
Need to be combined with a dimensionality reduction techniques,

but how, and which techniques ?
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PCA for multi-field datal3!

a— \ : Vi1 Yis
matrix
Computer kth field representation  y
code output: 1 sample ‘ ) k —
o~
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PCA for multi-field datal3!

—

Computer kth field
code output: N samples

N iid samples

AN

NG

ENBIS - Nassouradine Mahamat
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PCA for multi-field datal3!

L i [ vi Yis
Computer kth field ' N iid samples ;re\?)rz)s(entation v
code output: N samples —) <
i Yk
o~
* Thereis Q data matrices for Q physical fields: Yl, . YQ = How can we reduce their dimension § ?
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PCA for multi-field datal3!

Computer
code output:

* Thereis Q data matrices for Q physical fields: Yl, . YQ

kth field N iid samples
N samples ‘ ,
™~

— How can we reduce their dimension § ?

matrix

representation
I

y1,1 yl,S
Yk =
k
| VN1 yII\CI,S_

N col

Data matrix SVD Cov matrix Rank m Projector Reconstruction error
1 T
: : M=y Ve T ield
Field-wise PCA Yi € RV Yi = UpDy V5, H Pim = ViemViem EL =Y = YiPim g
Ky = <Y, Yy
S
. 1
Col-wise PCA Ycol = [Y1; Y YQ] € RNXQS Ycol = Ucochochol Kcol = —YcolYT l-[t:ol,m = UcolUZ-'ol ggf?,;c = Yk - l—Icol,myk "F

Row-wise PCA

Y,
Yiow = | Yi € ROV*S

Yo

Yiow =

UTOWDTOWVTOW

1 T
Zrow = Q_Nyrowyrow

— T
p rowm — Vrow,mVrow,m

row _
mk =l Yk - YkProw,m "F
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PCA for multi-field datal3!

Computer
code output:

* Thereis Q data matrices for Q physical fields: Yl, . YQ

kth field
N sample

-
N iid samples
=T ,
o~

— How can we reduce their dimension § ?

matrix

representation
I

y1,1 yl,S
Yk =
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| VN1 yII\CI,S_

N col
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Col-wise PCA Ycol = [Y1; Y YQ] € RNXQS Ycol = Ucochochol Kcol = —YcolYT l-[t:ol,m = UcolUZ-'ol ggf?,;c = Yk - l—Icol,myk "F

Row-wise PCA

Y,
Yiow = | Yi € ROV*S

Yo

Yiow =

UTOWDTOWVTOW

1 T
Zrow = Q_Nyrowyrow

— T
p rowm — Vrow,mVrow,m

row _
mk =l Yk - YkProw,m "F
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Theoretical analysis and comparison

* Row-wise PCA vs field-wise PCA

Theorem 1: (Row-wise excess error bound)

Let §, = A%, — Ak .., where 1%, denotes the m-th eigenvalue of £} in decreasing order. If §; > 0, then the row-wise excess error

AL = Efleld- Exom of the k-th field is directly bounded by

Q Q

2nV2 1 2 llp . [Vm 1

AELY < X min | N %~ B lop o Y 1%~ Ei Iy
5 Q L QL

* Col-wise PCA vs field-wise PCA

Theorem 2: (Col-wise excess error bound)
Let §; = A%, — 2K 1. 1f §; > 0, then the col-wise excess error AE£9, = Sﬂeld- £ of the k-th field is directly bounded by the
distance between Gram matrices:

Q Q
2SV2 | K llp . [vm 1
AE%, < min| 5D 1K~ Kiclop 5 ) 1K= Kl

O

& Theorem 1 & 2 bounds guarantee bounded excess error whenever fields exhibit structural similarities,
providing a theoretical justification of using multi-field PCA over field-wise when these similarities hold

a ENBIS - Nassouradine Mahamait 08/09/2026
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Theoretical analysis and comparison

*  Row-wise PCA vs col-wise PCA

Theorem 3: (Col-wise vs row-wise performance)

LSt i o = 1000 271:1 /12,,:,{"‘”, Baien = U9 271:1 Aﬁ“”. The difference between the reconstruction error of the column-wise and row-

wise approaches at rank m is exactly :

col row __ 2 2 —
gk,m - <c:k,m - Tr(Drow,m) - Tr(Dcol,m) - Arow,m - Acol,m

&— \either strategy is intrinsically superior between row-wise and col-wise and the theorem gives an exact
dominance criterion

J Constrained fields case:

X Field wise and column wise approaches fail to guarantee constraint satisfaction in reconstruction
X To satisfy linear constraints, they must be used with deductive approaches principle

v Row-wise approach preserves linear constraints both in latent space, and in the reconstructed fields

& We propose to combine row-wise PCA + Constrained MOGP to solve our initial problem

v We have numerically validated our theoretical results on an analytical benchmark based on Lotka-Volterra model

a ENBIS - Nassouradine Mahamat 08/09/2026

10/15



Metamodel for the turbulent Reynolds stress tensor

i

0.85H I |

Al
10.87H LE
I (o))

* Context: Uncertainty propagation study in RANS modeling

| e
e Turbulence closure model: standard k — ¢ ' Wl L

Il
a=10° I_I(TI Outlet

l |

Y N I/ | 4.7H
Ll | - R

| X —m———_—————————— ——— — == ~ =

|

3.7H/ tan(a) = 21H 35H

* Inputs: closure parameters of the standard k — € turbulence

\

model

X = (Cu_; O-kl O-Sl C€1’ CSZ)

‘u’ and the turbulent

* Output: Reynolds stress tensor 7;; = u; ;

Figure: Scheme of the experiment carried out in Buice and Eaton, 2000. The wall
of the channel are defined by straight lines and circular arcs of centers 0; and 0,

T —
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kinetic energy k
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Metamodel for the turbulent Reynolds stress tensor

0.85H I I
* Context: Uncertainty propagation study in RANS modeling

10.87H ~

e Turbulence closure model: standard k — ¢

Outlet

* Inputs: closure parameters of the standard k — € turbulence
4.7H

model

—_——— —

X = (Cu_; O-kl O-Sl C€1’ CSZ)

3.7H/ tan(a) = 21H 35H

‘u’ and the turbulent

* Output: Reynolds stress tensor 7;; = u; ;

Figure: Scheme of the experiment carried out in Buice and Eaton, 2000. The wall
of the channel are defined by straight lines and circular arcs of centers 0; and 0,

* The incompressibility condition is translated by:

—
i) [ :
3 ‘
>~2_
'1 111 simulated
0- T

0 20 40 60 80

0.0010

0.0008

T11+ To2 —§k=0

0.0006

0.0004

0.0002

Datasets generation details:

Mesh composed of 200 000 triangular elements
CEA/DES CFD solver TrioCFD

Reynolds number = 18000

" Nipqin =50and Ngpor = 100

kinetic energy k
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RRMSE result on the LEVM Reynolds stress tensor
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Fig: Final RRMSE (median +std) with m=8 latent dimension for each method. Our method Row-CMO against 3 deductive alternatives
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RRMSE result on the LEVM Reynolds stress tensor
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Fig: Final RRMSE (median +std) with m=8 latent dimension for each method. Our method Row-CMO against 3 deductive alternatives

= Final RRMSE reveals that our method ends up outperforming alternatives and achieves the lowest RRMSE on all three outputs.

= Deductive approaches yield varying results across variants: this confirms their inherent instability
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Prediction and uncertainty illustration

Simulated 711 Predicted Tq1 Std Dev T11 te=5 SRSE(T11, T11)
75
0.0010 0.0010 0.0012
» \ b \ 1.50
0.0008 0.0008 0.0010
1.25
0.0008
0.0006 0.0006 1.00
\ o 0.0006
0.0004 0.0004 75
0.50 0.0004
0.0002 0.0002 0.25 0.0002
0.0000
Simulated Ty, Predicted f22 Std Dev fzg 1e—5 SRSE(%gz, T22)
[ 0.0010 3 0.0010 1.50 0.0005
‘ 0.0008 \ 0.0008 1.25 0.0004
1.00
0.0006 0.0006 0.0003
\ \ 0.75
0.0004 0.0004 0.0002
0.50
0.0002 0.0002 0.25 0.0001
0.0000
Simulated k Predicted k Std Dev k 1e—5 SRSE(k, k)
.\ 0.00150 .\ 0.00150 0.0008
“ 5 0.00125 5 0.00125
0.0006
0.00100 0.00100
\ 0.00075 \ 0.00075 0.0004
0.00050 0.00050
0.0002
0.00025 0.00025
0.0000

Fig: Row-wise PCA-Constrained MOGP predictions of the CFD test case for a representative test input (with m=8)

The model accurately captures the spatial structure. Error and uncertainty are concentrated in the recirculation zone of the diffuser.
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Conclusion

v" We introduce a constrained GP framework for for high dimensional fields that combines row-wise PCA with joint modeling to
efficiently handle linearly constrained physical fields
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Comparison of deductive approaches and Constrained MOGP

Analytical benchmark:

D=35=10=3P=3 f1 = Ishigami function
*  Normalized inputs x € R3 f? = Branin function
. Normalized outputs f3=—ft-f?

Deductive approaches: LCM, Independent GP
Joint approach: Constrained MOGP
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Comparison of deductive approaches and Constrained MOGP

RMSE of the predictive distribution of f2: Violin plots across 200 train/test splits.

Analytical benchmark:
deduced output f;

D=35=10=3P=3 f1 = Ishigami function

. . 1004
*  Normalized inputs x € R3 f? = Branin function
*  Normalized outputs fP==f'-f2 10-1]

RMSE f; (Branin)

1072 6é6 é
Deductive approaches: LCM, Independent GP 6 ‘

Joint approach: Constrained MOGP N=100

[WSm CMoGP WM Indep.GP  WEE LCM
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Comparison of deductive approaches and Constrained MOGP

RMSE of the predictive distribution of f2: Violin plots across 200 train/test splits.

Analytical benchmark:

D=35=10=3P=3 f1 = Ishigami function N _ _
¢ Normalized inputs x € R3 f? = Branin function _ @ @

. Normalized outputs f3=—ft-f? 10t | @ ] é ] é
Deductive approaches: LCM, Independent GP 6 6é$ 6 6 é 6 6é$

Joint approach: Constrained MOGP N=100 N=20 N=50 N=100 N=100
(WSN CMoGP WM indep. GP NN LCM|

deduced output f; deduced output f, deduced output f3

RMSE f; (Branin)
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Comparison of deductive approaches and Constrained MOGP

RMSE of the predictive distribution of £2: Violin plots across 200 train/test splits.

Analytical benchmark:

D _ 3,5 _ 1, Q _ 3,P _ 3 fl _ |sh|gam| function deduced output f; deduced output f, S deduced output f3
. . 10° E i

¢ Normalized inputs x € R3 f? = Branin function - @

*  Normalized outputs fo==ft-f? 8 0] é | e é

N=20 N=50 N=100

Deductive approaches: LCM, Independent GP
Joint approach: Constrained MOGP N=20 N=100 N=20 N=50 N=100
(WSN CMoGP WM indep. GP NN LCM|

RRMSE (f,)

RRMSE (f,)

RRMSE (f,)

=1 =2 1=3
Deduced output

BN CMoGP  EEH Indep. GP HEE LCM

Win rate (%) of each method on the RMSE of each output (f1, £2, f3) across all deduction
scenarios with N=50.
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Comparison of deductive approaches and Constrained MOGP

RMSE of the predictive distribution of f2: Violin plots across 200 train/test splits.

Analytical benchmark:

D _ 3,5 _ 1, Q _ 3,P _ 3 fl _ |sh|gam| function deduced output f; deduced output f, S deduced output f3
. . 10° E .

¢ Normalized inputs x € R3 f? = Branin function - @

*  Normalized outputs fo==ft-f? 8 0] é | e é

Deductive approaches: LCM, Independent GP

N= 100 N=20 N= 50 N= 100 N=20 N=50

Joint approach: Constrained MOGP N=20
(WSN CMoGP WM indep. GP NN LCM|

x Heterogenous performances in deduction-based . ~ h

RRMSE (f;) RRMSE (f;) RRMSE (f3)

methods, independent from the size of

training set N
v Constrained MOGP achieves better or comparable

predictive accuracy against best scenario of
deductive approaches

=1 =2 1=3
Deduced output

BN CMoGP  EEH Indep. GP HEE LCM

Win rate (%) of each method on the RMSE of each output (f1, £2, f3) across all deduction
scenarios with N=50.
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Comparison of deductive approaches and Constrained MOGP

RMSE of the predictive distribution of f2: Violin plots across 200 train/test splits.

Analytical benchmark:

D _ 3,5 _ 1, Q _ 3,P _ 3 fl _ |sh|gam| function deduced output f; deduced output f, S deduced output f3
. . 10° E .

¢ Normalized inputs x € R3 f? = Branin function - @

*  Normalized outputs fo==ft-f? 8 0] é | e é

Deductive approaches: LCM, Independent GP
Joint approach: Constrained MOGP

N= 100 N=20 N= 50 N= 100 N=20 N=50

(WSN CMoGP WM indep. GP NN LCM|

x Heterogenous performances in deduction-based A ~ h
methods, independent from the size of " 2 i

training set N
v Constrained MOGP achieves better or comparable

predictive accuracy against best scenario of
deductive approaches

- /

=1 =2 1=3
Deduced output

BN CMoGP  EEH Indep. GP HEE LCM

Problem: O(N3P3) complexity !

Need to be combined with a dimensionality reduction techniques,
Win rate (%) of each method on the RMSE of each output (f1, £2, f3) across all deduction

scenarios with N=50.
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Metamodel for population dynamics

=  Metamodeling problem:
Inputs: x = (b, d),
Outputs: p(t), q(t), r(t), s(t)
Constraint equation:
dp(t) —cs(t) + bq(t) —ar(t) =C,

= Lotka-Volterra equations:

p: prey density population { p'(t) = ap(t) — bp(t)q(t) )
q: predator density population | g'(t) = —cq(t) + dp(t)q(t)

r(t) = log(q(t)), s(t) = log(p(t))

=  Analytical benchmark configuration:
D =2,5=400,Q =4, Niese = 100, b € [0.37,0.40], d € [0.0,0.06]
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Metamodel for population dynamics

= Lotka-Volterra equations: *= Metamodeling problem:
p: prey density population p'(t) = ap(t) — bp(t)q(t) | Inputs: x = (b, d),

: i i () = — (1) : Outputs: p(t), ¢(£), r(t), s(t)
q: predator density population q'(t) = —cq(t) + dp(t)q(t) , p p(t),q(t), )

r(t) = Iog(q(t)), s(t) = log(p(t)) i Constraint equation:

' dp(t) —cs(t) + bq(t) —ar(t) = C,
=  Analytical benchmark configuration:
D =2,5=400,Q =4, Niese = 100, b € [0.37,0.40], d € [0.0,0.06]

Our model:

. Row-CMO = Row-wise PCA
+ CMoGP

Deductive approaches:

e  Col-Indep = Column-wise

PCA

+ Independent GP

*  Fw-Indep = Field-wise PCA
+ Independent GP

*  Fw-LCM: Field-wise PCA
+ LCM

[ : Deduced output indices
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= Lotka-Volterra equations:

q: predator density population
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Our model:

. Row-CMO = Row-wise PCA
+ CMoGP

Deductive approaches:

e  Col-Indep = Column-wise

PCA

+ Independent GP

*  Fw-Indep = Field-wise PCA
+ Independent GP

*  Fw-LCM: Field-wise PCA
+ LCM

[ : Deduced output indices
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Output: p — N=30

6x10°1!

4x10°1{ §

3x107?!

RRMSE

2x107!

101

1 2 3 45 6 7 8 910
Latent dimension m

--=- Col-Indep (1=0) Col-Indep (I=2) s Fw-Indep (I1=0) -+ Fw-Indep (1=2) —+ FW-LCM (I=0) —+ Fw-LCM (I=2)
—e— Row-CMO Col-Indep (1=1) Col-Indep (1=3) = Fw-Indep (I=1) -+ Fw-Indep (1=3) —+ FW-LCM (I=1) —+ Fw-LCM (I=3)

Fig: RRMSE (mean+std) on output p for all methods. Beyond m=4, Row-CMO surpasses all alternative at higher latent dimensions
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Metamodel for population dynamics

= Lotka-Volterra equations:

q: predator density population

r(t) =1log(q(t)), s(t) = log(p(t))

p: prey density population { p'(t) = ap(t) — bp(t)q(t)
q'(t) = —cq(t) + dp(t)q(¢)

=  Analytical benchmark configuration:
D =2,5=400,Q =4, Niese = 100, b € [0.37,0.40], d € [0.0,0.06]

Our model:
. Row-CMO = Row-wise PCA
+ CMoGP
Deductive approaches:
e  Col-Indep = Column-wise
PCA

+ Independent GP

*  Fw-Indep = Field-wise PCA
+ Independent GP

*  Fw-LCM: Field-wise PCA
+ LCM

[ : Deduced output indices
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= Metamodeling problem:
Inputs: x = (b, d),
Outputs: p(t), q(t), r(t), s(t)
Constraint equation:
dp(t) —cs(t) + bq(t) —ar(t) =C,

(1)

Output: p — N=30 Output: p — N=15 Output: p — N=10
6x1071 6 x 10-1
6x1071
4x1071] \
Y\
4x107* kY 3
3x10°! (Y 3y
0 Q 4x10°?!
= N X
e 3x10-1 - L [ [
2x107* MeoNeg=dl=4=4- -
3x107?
2x1071
10-1/
1234567 8 910 123456 7 8 910 123456 7 8 910
Latent dimension m Latent dimension m Latent dimension m
--=- Col-Indep (1=0) Col-Indep (I=2) s Fw-Indep (I1=0) -+ Fw-Indep (1=2) —+ FW-LCM (I=0) —+ Fw-LCM (I=2)
—e— Row-CMO Col-Indep (I=1) Col-Indep (I=3) s Fw-Indep (I=1) -+ Fw-Indep (1=3) —+- FW-LCM (I=1) —+ Fw-LCM (I=3)

Fig: RRMSE (mean+std) on output p for all methods. Beyond m=4, Row-CMO surpasses all alternative at higher latent dimensions
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Metamodel for the turbulent Reynolds stress tensor

0.85H I I
* Context: Uncertainty propagation study in RANS modeling

10.87H ~

e Turbulence closure model: standard k — ¢

Outlet

* Inputs: closure parameters of the standard k — € turbulence
4.7H

model

—_——— —

X = (Cu_; O-kl O-Sl C€1’ CSZ)

3.7H/ tan(a) = 21H 35H

‘u’ and the turbulent

* Output: Reynolds stress tensor 7;; = u; ;

Figure: Scheme of the experiment carried out in Buice and Eaton, 2000. The wall
of the channel are defined by straight lines and circular arcs of centers 0; and 0,

* The incompressibility condition is translated by:

—
i) [ :
3 ‘
>~2_
'1 111 simulated
0- T

0 20 40 60 80

0.0010

0.0008

T11+ To2 —§k=0

0.0006

0.0004

0.0002

Datasets generation details:

Mesh composed of 200 000 triangular elements
CEA/DES CFD solver TrioCFD

Reynolds number = 18000

" Nipqin =50and Ngpor = 100
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Results on the LEVM Reynolds stress tensor

T11

T929 k

6 x 1072 6 x 102 6 x 1072
w 4 %1072 4x1072; 4x1072
0
=
&

3x 102 3 x10-2] 3x1072

2x1072 2x10721 2x1072

1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
Latent dimension m Latent dimension m Latent dimension m
-=-- Col-Indep (I1=0) Col-Indep (1=2) -4~ Fw-Indep (I1=0) -2 Fw-Indep (1=2) —o— Fw-LCM (I=0) —e— Fw-LCM (I=2)

== Row-CMO Col-Indep (I=1) s Fw=-Indep (1=1) —eo— Fw-LCM (I=1)

Figure: RRMSE (mean+std) on all outputs for all methods.
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Appendix : Gaussian process regression

=  Single-output GP regression!Z] - =  Multi-Output GP (MOGP) [3]

(X, Y)(i=1,.0) € X XR, y;=f(x) +e, € ~N(0,0%) (0, ¥)gi=1,.81 € X XRF
Prior: ~GP(0,k(x,x")), K L k(): XXX - R l

rior: f(x) ~ GP(0,k(x,x)), Kernel: k(-,-) : X x yi = f(x) + e, € ~N(0,)
Posterior: f(x,)|y ~ N(f.,cov(f.))
. fo = kI'(k(X,X) + c21)71

. cov(f,) = k(x,x,) — kIT(k(X,X) + 021)7 1k,

Prior: f(x)~ ng(O, k(x,x’))
Kernel: k() : X X X - RFP x RP

—  Matrix valued kernel

— Symmetric positive definite

Prior GP Posterior GP

Samples Samples
@ Train points @ Train points

Kernel models:

* Intrinsic coregionalization model
k(X,X) = BQk(X,X)

* Linear model of coregionalization

. . | k(X,X) = 32, B;®kq(X,X),

By €ERP*Fike(): XXX - R

[2] Rasmussen, C. E. (2003)
[3] Alvarez , M. A, Rosasco, L., & Lawrence, N. D. (2012)
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Appendix B

Lotka-Volterra Constraint : RRMSE metric :

» Constraint given by the Hamiltonian structurel! of (1):

N
1 S
RRMSE? = —ZRRM E? Ysim» ¥y
H(p,q) = dp — c log(p) + bq — alog(q) = C, S N £, SE*(Ysim» Yprea)

* Reparametrized Hamiltonian structure: ol ; ||3’siim - yzi)red”
dp —cs+ bq —ar = C, | RRMSE (ysim'ypred) = N
with s = log(p),r = log(q) S ||ysim||oo

2

Constraint evaluation metric:
° — ; Ntest 3, .
RO = =X hi(D),

* h(®) = dpi(t) — 8 () + bg;(t) — afy(t) — c;(¢)
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Appendix B

Uncertainty propagation

Parameters of the k — & standard turbulence model calibrated on
experimental data :

* (C, :constant

* 0. The Prandtl turbulent dissipation number
* (g, :The source term coefficient

* Cg,: The well term coefficient

® Oy .

0.09 1.30 1.00 1.44 1.92

Table: The usual values of the calibrated parameters
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PCA for multi-field data

We provided 3 theoretical results in order to compare these three approaches:

U Row-wise PCA vs field-wise PCA: The excess of row-wise PCA error for a field k is guaranteed to be bounded by a small number when the

covariance matrices of the other fields are close to that of field k

U Col-wise PCA vs field-wise PCA: A similar excess-error bound holds for col-wise PCA, with similarity measured through the Gram matrices

& These 2 results provide theoretical justification of using row-wise PCA and col-wise PCA over field wise when these similarities hold

U Row-wise PCA vs col-wise PCA: We give an exact dominance criterion which state that neither strategy is intrinsically superior
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Numerical Applications

Lotka—Volterra equations — Population Dynamics

Comparison between our proposed framework row-wise PCA-Constrained MOGP and deductive alternatives based on:
e field-wise PCA
e column-wise PCA

Main findings
e Strong agreement between our proposed theoretical criterion and observed RRMSE rankings
» It can therefore be helpful in practice to evaluate how much we can loose by relying on row-wise PCA

* In data-scarce regimes, the proposed framework consistently achieves the lowest RRMSE as the latent dimension
increases.
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