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Context
Setting:

» Surrogate modelling for expensive computer codes M: x € R4=M(x) € R

» Popular solution: Gaussian Process (GP) surrogate M [RW06] (1) (3)
» GP characterised by a mean m(+) and covariance k(.,.)

)

> Standard assumption: stationary covariance k(x,x") = k(x — x") |
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Context
Setting:

» Surrogate modelling for expensive computer codes M: x € R4=M(x) € R
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Context
Setting:

» Surrogate modelling for expensive computer codes M: x € R4=M(x) € R

« Popular solution: Gaussian Process (GP) surrogate M [RWO06]
» GP characterised by a mean m(+) and covariance k(.,.)
> Standard assumption: stationary covariance k(x,x") = k(x — x")

Limitation: ©

« Stationarity assumption inadequate when M exhibits
distinct regimes

« Ignoring non-stationarity — innacurate GP predictions
and poorly calibrated predictive uncertainties

Goal:

 Need to build a tailored surrogate

6_

4_

(1) (3)

Predictive mean
Training points
95% Confidence intervals

0
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Stationary GP on the

non-stationary function

> Detect stationary regimes (subregions) and combine local stationary GP surrogates (GP mixture)

@ [RW06] Rasmussen, C.E., Williams, CK.l. (2006). Gaussian processes for machine learning. MIT Press.
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General approach

* Three-step approach adapted from [MS23]
Classification Regression

Clustering
429 sy : 1A
gy ve ...‘0..0.0.:.0 N ° . i .. &.\
? ...:;:. :0.‘.. (] I ... ,.. ~O. O 5

Detection of stationary Estimate, for any new input, its Combine local stationary GP
subregions (regimes) using probability of belonging to surrogates into the final non-
each regime stationary GP surrogate
8 Sept. 2026 2

adapted features
[MS23] Moustapha, M., Sudret, B. (2023). Learning non-stationary and discontinuous functions using clustering,

@ classification and Gaussian process modelling. Computers & Structures, Elsevier.



m Step I: Clustering
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Existing approaches and limitations

« Standard clustering algorithms (e.g Kmeans, Dirichlet
processes,...) are directly applied to the joint input—
output space (x, M (x))

« Limitations and proposed solutions:
L1. Clusters may be spatially disconnected

> Not suitable for GP models

» Enforce path-connected clusters via additional
connectivity constraint (Voronoi tessellation)

L2. No information on stationarity is used to form
the clusters

» Use additional local features characterising
stationarity

@ ENBIS 2026
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Local features characterising stationarity (L2)

* Two points belong to the same stationary regime if they exhibit similar local behavior regarding:

» Input position x;:
Spatial coherence 4]

» Local variance v; = Var(M (x;)|x;):

Local amplitude 0
O
i S -
» Gradient V; = VM (x;): 2
Local directional variation 4 +
. —6 1 e  Cluster 1
* Letz; = (x4, v;, V;)iep1ng denote the resulting v Cluster 2
. e  C(Cluster

feature points 81 . . . . —
0 5) 10 15 20 25 30
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Clustering to detect stationary subregions

Observed data
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Clustering to detect stationary subregions

Observed data
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Clustering to detect stationary subregions

Observed data
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Clustering to detect stationary subregions

Observed data Feature space
° e
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Clustering to detect stationary subregions

Observed data

°
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*  Which clustering algorithm?
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Clustering to detect stationary subregions

Observed data

°
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*  Which clustering algorithm?

Prerequisites: Handling clusters with varying densities while

Sparse

—

Recover clusters
in original space

enforcing spatial connectivity (L1)
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Clustering to detect stationary subregions

Observed data
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*  Which clustering algorithm?

Feature space

Prerequisites: Handling clusters with varying densities while
enforcing spatial connectivity (L1)
Proposed solution: Spatially Constrained Spectral
clustering using a connectivity graph — built-upon
@ B Voronoi tessellation

J

Clustering step
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Spectral clustering algorithm in a nutshell

* Spectral clustering groups similar points together [vLO7]

Features to cluster

@ [vLO7] von Luxburg, U. (2007). A tutorial on spectral clustering. Springer. 8 Sept. 2026



Spectral clustering algorithm in a nutshell

* Spectral clustering groups similar points together [vLO7]

Features to cluster Compute pairwise similarity s(i, j)
between points (z;,2;)

@ [vLO7] von Luxburg, U. (2007). A tutorial on spectral clustering. Springer. 8 Sept. 2026



Spectral clustering algorithm in a nutshell

* Spectral clustering groups similar points together [vLO7]

Features to cluster Compute pairwise similarity s(i, j)
between points (z;,z;) — Similarity
matrix S + associated Laplacian L

@ [vLO7] von Luxburg, U. (2007). A tutorial on spectral clustering. Springer. 8 Sept. 2026



Spectral clustering algorithm in a nutshell

e Spectral clustering groups similar points together [vLO7]

%-.O

Features to cluster Compute pairwise similarity s(i, j) Spectrfal embgddmg from the
: o Laplacian L eigenproblem :
between points (z;,z;) — Similarity

trix S 4 ited Lablacian L > First K eigenvectors of L
matrix associated Laplacian > Eachpointz; € R%*! mapped

to an embedding e; € RX
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Spectral clustering algorithm in a nutshell

Spatially constrained (L1) hierarchical
clustering to obtain clusters

e Spectral clustering groups similar points together [vLO7]
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Features to cluster Compute pairwise similarity s(i, j) Spectrfal embgddmg from the
: o Laplacian L eigenproblem :
between points (z;,z;) — Similarity

trix S 4 ited Lablacian L > First K eigenvectors of L
matrix associated Laplacian > Eachpointz; € R%*! mapped

to an embedding e; € RX
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Spectral clustering algorithm in a nutshell

Spatially constrained (L1) hierarchical
clustering to obtain clusters

e Spectral clustering groups similar points together [vLO7]

: ? %0 ahomss d
. oo
Features to cluster Compute pairwise similarity s(i, j) Spectrfal embgddmg from the
: Laplacian L eigenproblem :
between points (z;,2;)

» First K eigenvectors of L
> Each point z; € R??*! mapped

to an embedding e; € RX
8 Sept. 2026 7

*  Which similarity function to use?

@ [vLO7] von Luxburg, U. (2007). A tutorial on spectral clustering. Springer.



Combining spatial, variance and gradient similarities

° Slmllarlty S(Zi,Zj) = S(x) (xi,xj) S(Var) (Ul', U]) S(V) (Vi, V])
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Combining spatial, variance and gradient similarities
° Slmllarlty S(Zi,Zj) = S(x) (xl-,xj) S(Var) (Ul', U]) S(V) (Vi, V])

« Global input similarity S(x)(xi,xj):
» Defined by 2 parameters
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Combining spatial, variance and gradient similarities
° Slmllarlty S(Zi,Zj) = S(x) (xi,xj) S(Var) (Ul', U]) S(V) (Vi, V])
« Global input similarity S(x)(xi,xj):

» Defined by 2 parameters
- Local feature similarity (V") (vi, vj)/ sV (Vl-, V]) : [ZmP+04]

» 1 parameter defining the locality per feature

@ [ZmP+04] Zelnik-manor, L, Perona, P. (2004). Self-Tuning Spectral Clustering. MIT Press 8 Sept. 2026



Combining spatial, variance and gradient similarities

Similarity: S(zi, zj) =S (xl-, xj) svar) (Ui; Uj) s (Vi» V])

Global input similarity S (xl-, xj):
» Defined by 2 parameters

Local feature similarity S(Var) (vi, vj)/ sV (Vl-, V]) : [ZmP+04]

» 1 parameter defining the locality per feature

In total, 4 similarity parameters must be fine-tuned:
» For different number of clusters, tuned following [FTZ+22]

[FTZ+22] Fan J, Ty, Y, Zhang, Z, Zhao, M., Zhang, H. (2022 . A Simple Approach to Automated Spectral Clustering. 8 Sept. 2026

[ZmP+04] Zelnik-manor, L, Perona, P. (2004). Self-Tuning Spectral Clustering. MIT Press
@ Curran Associates, Inc.



m Step 2: Classification
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* The classifier assigns each new input x to a

The Voronoi-based classifier

stationary subregion for prediction

The classifier decision boundary (frontier) is given . |T. .
by the union of the Voronoi cell boundaries
separating different classes |

Membership probabilities derived from distances to
decision boundaries [P99] [WLX04]

e C(lass0
° Class 1

Frontier

X New point x

.

X1

2D Voronoi-based classifier

[P99] Platt, J. C., (1999). Probabilistic Outputs for Support Vector Machines and Comparisons to Regularized Likelihood Methods. In
Advances in Large Margin Classifiers, MIT Press.

[WLX04] Wu, T,, Lin, C., Weng, C. (2004). Probability estimates for multi-class classification by pairwise coupling. IMLR.

8 Sept. 2026
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Step 3: Final non-
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Gaussian Process Mixture Model

Membership probabilities for cluster C.:

m,(x) =P(x€Cy), k=1,..,K

Mixture predictive distribution at x:
K

p( 1) = ) m() W (.m0, 07 )

k=1

> Local predictor of Ci: i (x)
> Local predictive variance of Cj: o (x)
Mixture predictor: K

i () = () i (3)

k=1

Mixture predictive variance: i .

O (X) = Z e (X) 0o (x) + z 1 (20) (e () — .umix(x))z

@ ENBIS 2026 k=1 k=1 8 Sept. 2026
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Regression results on the 1D non-stationary function

6 0 (3) a (1) (3)
4 4 1
2 - 2 \
0 -
s 07 O
<§ —9 <§ -2
_4 -
—4 1 v ® Cluster 1
—6 A Cluster 2
—06 Predictive mean ® Cluster 3
e 'Training points _8 - 95
—8 - 95 —— Mixture predictive mean
0 5 10 15 20 2% 30 0 5 10 15 20 25 30
Single stationary GP Non-stationary GP
e Zone ~ :Underconfident e Zone  :More confident v
e Zones (1), (3): Over confident ¥  Zones (1), (3): Less confident v/

@ ENBIS 2026 8 Sept. 2026
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Application to a nuclear accident

Reactivity
insertion

!

Power excursion
50

MmS l

Coolant boiling

\

Boiling crisis and
potential core
meltdown

Oscillations and
stabilisation

@ ENBIS 2026

Non-stationarity is due to rapid power
excursion and changes in heat exchanges

Regression problem parameters :

3D inputs
Learning size: 275
Validation size: 45

Tested number of clusters: K € [[2,5]

8 Sept. 2026 15



Surrogate modeling results

* Standard validation metrics for probabilistic surrogates: [DIG*22]

 E[(M(0— EDE) %)) e
>Q°=1— Var (M () €] — o0, 1] >IAE—/O a‘ da € [0,0.5]

Coverage of predictive intervals

GP Surrogate Q? IAE

Stationary Standard GP 0.79 0.10

Norstationar Spectral clustering Mix GP 0.84 0.08
' Treed GP[GLOS] 0.80 0.04

[DIG*22] Demay, C,, looss, B, Gratiet, L, and Marrel, A. (2022). Model selection for GP regression: an application

with highlights on the model variance validation. QREI Journal, 38:1482-1500.
[GLO8] Gramacy, Robert B, Lee, Herbert K. H. (2008). Bayesian Treed Gaussian Process Models with an Application 8 Sept. 2026

to Computer Modeling. Journal of the American Statistical Association.
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Conclusions and perspective

Conclusions:
* Improvement of the three-step approach of [MS23] for non-stationary GP modeling

* The clustering step now combines stationarity-related local features with spatially constrained
spectral clustering, ensuring path-connected stationary sub-regions

* On the real dataset, the proposed non-stationary model:
» Improved predictive accuracy and variance calibration compared with a stationary GP model
» Showed better predictive performance than Treed P model

Perspective:

« Improve predictive performance by adding points to clusters that are the most difficult to predict

[MS23] Moustapha, M., Sudret, B. (2023). Learning non-stationary and discontinuous functions using clustering,
e . : . 8 Sept. 2026 17
classification and Gaussian process modelling. Computers & Structures, Elsevier.
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Thank you for your attention

Any questions?
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The constrained Voronoi tessellation

* Admissible space: D = H [mm ;j, Max a:w] : l '
i) 1<i<n 1<i<n

* The Voronoi cell of x;:
VP={z €D : |z —zi|s < |z -2, Vi#i}

e Connectivity matrix derived from the set of

neighbors of each point
2D Voronoi tessellation

@ ENBIS 2026 8 Sept. 2026



Local variance estimation

- For x; € RY, h(k) (k) ‘, (k)= kth nearest neighbors of x;
. (k) _ =i — h=01
Letw;;” = K( 200 0.7+ —_— 0o
5 0.6 1 — h = 0.35
* VueR K@) =51 —u)1jys< 05
> Epanechnikov Kernel I 0.4
 Kernel smoothing estimator of the mean: =< 089
W(k) _ 0.2
NG i,j Vi
@)= = -
w,
JELETFLTL 0.0
e Kernel smoothing estimator of the variance: 0.0 0.2 04 . 0.6 08 L0
(k) A (k) Epanechnikov kernel with
Z}ilw i,j (y ( )) -

Var & )(xl) = varying bandwidth h

i W.(I.{)

JFL L)
@ ENBIS 2026 8 Sept. 2026 n



Spectral clustering as a minimisation problem

« Goal: Partition similar points into Cy, ..., Cx clusters
S Similarity function

1
« lLaplacian matrix: L =1, — D 25D

d;
° H — <L 1I7iECk>

’Zieck di

* Similarity matrix § = (1#1'5"'1' )ijeﬂl nl*

° Degreeofz;:d; = Yj_; sij

> Degree matrix D = Diag(dy, ..., dy) ik€[1,n]x[1,K]

@ ENBIS 2026 8 Sept. 2026
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Spectral clustering as a minimisation problem

« Goal: Partition similar points into Cy, ..., Cx clusters
S Similarity function

1
« lLaplacian matrix: L =1, — D 25D

d;
° H — <L 1I7iECk>

’Zieck di

* Similarity matrix § = (1i¢j5i,j )i,jelll,n]]z
° Degreeofz;:d; = Yj_; sij
> Degree matrix D = Diag(dy, ..., dy) ik€[1,n]x[1,K]

Discret spectral clustering problem

Cy,...,Cx = argminTr(H'LH) s.t HTH = I

Do, Cr

@ ENBIS 2026 8 Sept. 2026
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Spectral clustering as a minimisation problem

« Goal: Partition similar points into Cy, ..., Cx clusters

S Similarity function

1

1
«  Similarity matrix S = (1i¢j5i,j ) « Llaplacian matrix: L =1, — D 28D =

i,jel1n]?
e H= Ll
* Degree of Z; - di — ?:1 Sij - <,/Zi€ck di ”iECk>

> Degree matrix D = Diag(dy, ..., dy) ik€[1,n]x[1,K]

Discret spectral clustering problem

Cy,...,Cx = argminTr(H'LH) s.t HTH = I

Do, Cr

NP hard problem! — Relaxed optimisation problem

@ ENBIS 2026 8 Sept. 2026 n



Spectral clustering as a minimisation problem

« Goal: Partition similar points into Cy, ..., Cx clusters
S Similarity function

1
« lLaplacian matrix: L =1, — D 25D

d;
° H — <L 1I7iECk>

’Zieck di

* Similarity matrix § = (1i¢j5i,j )i,jelll,n]]z
° Degreeofz;:d; = Yj_; sij
> Degree matrix D = Diag(dy, ..., dy) ik€[1,n]x[1,K]

Continious spectral clustering problem

Cy,...,Cx = argminTr(HT'LH) s.t H'TH = I
H € My (R

@ ENBIS 2026 8 Sept. 2026
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Spectral clustering as a minimisation problem

Goal: Partition similar points into Cy, ..., Cg clusters

S Similarity function

1
« lLaplacian matrix: L =1, — D 25D

Similarity matrix § = (1#1'5"'1' )ijeﬂl nl*

Degree of Z; : di = ?=1 Sij <W vieck>
» Degree matrix D = Diag(d,, ..., d,)

i,ke[1,n]x[1,K]

Continious spectral clustering problem

Cq,...,Cx = areminTr(HTLH) s.t HTH = I
s G = ggain TRCTLH)

Relaxed solution: K first eigenvectors e, ... ex of L

@ ENBIS 2026 8 Sept. 2026
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Spectral clustering as a minimisation problem

Goal: Partition similar points into Cy, ..., Cg clusters
S Similarity function

1
Similarity matrix S = (1i¢j5i,j ) « Llaplacian matrix: L =1, — D 25D

i,jel1,n]?
Degree of z; : d; = }f‘zl Sij <W vi66k>
> Degree matrix D = Diag(dy, ..., dy) i k€[1,n]x[1K]

Continious spectral clustering problem

Cq,...,Cx = areminTr(HTLH) s.t HTH = I
s G = ggain TRCTLH)

Relaxed solution: K first eigenvectors e, ... ex of L

Discrete solution via K-cluster partitioning of e, ... eg
ENBIS 2026 8 Sept. 2026
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Tuning similarity parameters

 For a fixed number of cluster K:

1
l,ox,c,, Ccy = argmax —
L,ox,Cy, Cy K
Connectivity
amon
Least 8
. clusters
connectivity
among
clusters
« A1 < .....< A, =eigenvalues of the Laplacian matrix L derived from similarities

@ ENBIS 2026 8 Sept. 2026
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Choosing the number of clusters

For x; € R4

Within-cluster density distance:

1 e
a; = z ddensity(xj:xi) — Measures a pOInt s within-

Ceruster(xp| — 1 i i
o XJEC cpuster (o) X %X cluster density based distance

Nearest-cluster density distance:

. 1 ., .
b; = mlnCiCcluster(x-) m z ddensity(xirxj) — Measures a point’s density
' x;€C based distance from other clusters

Final DBCV index:

= b, —a — The closer to 1 the

1
DBCV = —z e[—1,1
n Zamax(a;, b;) [ ] better

=1
@ ENBIS 2026 8 Sept. 2026 Vv
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Combining spatial, variance and gradient similarities

@ ENBIS 2026
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0.8 1

0.6 1

0.4 1

0.2 1

Other points
@® 5 nearest neighbors
* Xi
@® 5" nearest neighbor

= Distance to 5™ neighbor

[ Circle of the 5" nearest neighbors

0.0 0.2 0.4 0.6 0.8 1.0

T
Example of a 2D slpatial similarity with

[ = S'O-X = (0.25

8 Sept. 2026 Vi

1.0

<
>

<
N

- 0.2

- 0.0

Similarity



N
Combining spatial, variance and gradient similarities

° Slmllarlty S(Zi,Zj) = S(x)(xi,xj) S(Var)(vi,vj) S(V)(VL,V])

1.0
2
1 N N Ixi = % ”2
Xj € Nixy Orx; € i(x;) ) €XP\ — o2 0.8 1 e
X
» N(x;) = {the [ nearest neighbors of x;} . 9y
> o,,] must be tuned i
0.4 - 0.4
Other points
@® 5 nearest neighbors
* x
0.2 1 @ 5" nearest neighbor 0.2
=== Distance to 5" neighbor
[ Circle of the 5" nearest neighbors
0.0 0.2 0.4 0. 0.8 o 00

Example of a ZD?patiaI similarity with
l = 5, Oy = 025

@ ENBIS 2026 8 Sept. 2026 Vi
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Combining spatial, variance and gradient similarities

* Similarity: S(Zi,Zj) = S(x) (xl-,xj) S(Var) (Ul', U]) S(V) (Vi: V])

* Local feature similarity: (Zelnik-manor et al., 2004} (2)

> Variance:

SVar) (v, v;) = exp <—

Ui(cv)

» Gradient:
SV, V) = exp <—

Vi(CV)

@ ENBIS 2026

(cv)

(2]
sVs!

2
(v ; vj) >,5i<”> _

i

= c,-th nearest neighbor of v;

VsV

= |7j||2>’sil7 = v - v

= cy-th nearest neighbor of V;

N

2.0 A
1.5 1
1.0 1
(O]
0.5 1
0.0 1
—0.5 1
Y Reference points
—1.0 1 === Y = Distance to 5" neighbor
@ 5™ nearest neighbor
—].5 ' T T T T T T
—2 -1 0 1 2 3
Vi
| , , , ___ e
0.0 0.2 0.4 0.6 0.8 1.0
Similarity

Local scaling for 2D gradients
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Local variance

Clustering results

- 3clusters found:

1.0 1

0.8 1

0.6 1

0.4 -

0.2 1 SR

] 9
Cluster

Local variance per found label
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