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Multi-fidelity surrogate model

Low-fidelity
Code
zL(x)

Low-fidelity
Data

(xL
i , z

L
i )i∈{1,...,NL}

Low-fidelity
Surrogate Model

ZL(x)

High-fidelity
Code
zH(x)

High-fidelity
Data

(xH
j , zHj )j∈{1,...,NH}

Multi-fidelity
Surrogate Model

ZH(x) = ϕ(x, ZL(x))

Physical
system
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Gaussian processes
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■ Conditioning:

{
Z(x) ∼ N (µ(x), k(x, x))

Z̃(x) = (Z(x) | ∀i, Z(xi) = zi) ∼ N (m(x), V (x, x))

■ GP model:

{
µβ(x) = f(x)⊤β

kσ2,θ(x, x
′) = σ2 exp

(
−0.5 · |x− x′|2/ θ2

)
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Multi-fidelity Gaussian processes

■ Computer codes zL, zH , observations:

{
zLi = zL(x

L
i ), i ∈ {1, . . . , NL}

zHj = zH(xHj ), j ∈ {1, . . . , NH}

■ Auto-regressive model AR(1) (Kennedy and O’Hagan 2000):{
ZH(x) = ρ(x)ZL(x) + ∆H(x)

ZL(x) ⊥ ∆H(x)
=⇒

(
ZH(x) |

{
∀i, ZL(x

L
i ) = zLi ,

∀j, ZH(xHj ) = zHj

)

■ Recursive formulation (Le Gratiet and Garnier 2014):
ZH(x) = ρ(x)Z̃L(x) + ∆H(x)

Z̃L(x) ⊥ ∆H(x)

Z̃L(x) =
(
ZL(x) | ∀i, ZL(x

L
i ) = zLi

) =⇒
(
ZH(x) | ∀j, ZH(xHj ) = zHj

)
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Noisy and non-nested data
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➤ Generalization to non-nested and noisy data
(Baillie et al. 2026, pre-print)
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Noisy model

■ Computer codes zL, zH are tainted by noise:{
zL(x) = yL(x) + εL(x), εL(x) ∼ N (0, σ2

ε,L)

zH(x) = yH(x) + εH(x), εH(x) ∼ N (0, σ2
ε,H)

■ Noisy recursive AR(1) model:
YH(x) = ρ(x)ỸL(x) + ∆H(x)

ỸL(x) ⊥ ∆H(x)

ỸL(x) =
(
YL(x) | ∀i, ZL(x

L
i ) = zLi

) =⇒ ỸH(x) =
(
YH(x) | ∀j, ZH(xHj ) = zHj

)

■ Explicit distribution: ỸH(x) ∼ N (mYH
(x), VYH

(x, x))
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Parameter estimation

A priori GPs:

{
YL(x) ∼ N (µL(x), kL(x, x))

∆H(x) ∼ N (µH(x), kH(x, x)),
with:{

µL(x) = βL

µH(x) = βH
and

{
kL(x, x

′) = σ2
L exp

(
−0.5 · |x− x′|2/ θ2L

)
kH(x, x′) = σ2

H exp
(
−0.5 · |x− x′|2/ θ2H

)
Maximum Likelihood Estimation (MLE)

■ Non-recursive formulation: Joint optimization, high-dimensional problem

βL σ2
L θL σ2

ε,L

ρ βH σ2
H θH σ2

ε,H
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Parameter estimation

A priori GPs:

{
YL(x) ∼ N (µL(x), kL(x, x))

∆H(x) ∼ N (µH(x), kH(x, x)),
with:{

µL(x) = βL

µH(x) = βH
and

{
kL(x, x

′) = σ2
L exp

(
−0.5 · |x− x′|2/ θ2L

)
kH(x, x′) = σ2

H exp
(
−0.5 · |x− x′|2/ θ2H

)
■ Recursive formulation: Decoupled optimization

➤ Low-fidelity: Simple GP MLE

βL σ2
L θL σ2

ε,L

➤ High-fidelity: Expectation-Maximization (EM) algorithm (Zertuche 2015)

ρ βH σ2
H θH σ2

ε,H
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Analytic test case

➤ Park function (Cox et al. 2001):yH(x1, x2, x3, x4) =
x1
2

(√
1 + (x2 + x23)

x4
x21

− 1

)
+ (x1 + 3x4) exp(1 + sin(x3))

yL(x1, x2, x3, x4) = (1 + 0.1 sin(x1)) yH(x1, x2, x3, x4)− 2x1 + x22 + x23 + 0.5

➤ Data: NL ∈ {150, 300, 600}, NH ∈ {20, 40, 60}, σε,L = 2.5, σε,H = 0.5

➤ Metrics: 1−Q2 =
∑Ntest

t=1 (y(xt)−m(xt))2∑Ntest
t=1 (y(xt)−ȳ)2

and training time

➤ Comparison of the models on 100 repetitions:
- Simple GP on HF data (HF-only-GP)
- Recursive (R-MFGP): decoupled optimization
- Non-recursive (NR-MFGP): joint optimization
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Results: Prediction error
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➤ Multi-fidelity is relevant for few HF samples
➤ Similar performance for R-MFGP and NR-MFGP
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Results: Training time
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➤ The recursive approach yields faster training times for
large LF datasets

➤ The influence of NH on the training time is negligible
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Conclusion and Prospects

■ Auto-regressive MFGP model : Generalization of the recursive formulation in
the case of non-nested designs and noisy outputs

■ Improve the estimation of the high-fidelity noise variance σ2
ε,H

■ Heteroscedastic model: non-constant noise variances

■ Sequential design of experiments
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Results: Prediction uncertainty
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➤ Simple GP tends to be more reliable when adding HF data
➤ Similar performance for R-MFGP and NR-MFGP
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Results: Prediction interval width
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