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Multi-fidelity surrogate model

Physical
system
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Gaussian processes \\

A priori GP A posteriori GP

4 ® Training data
95% ClI —— Target
—-—- Mean

95% ClI

Z(x)
g

[ Z(x) ~ N (), k(@ x)
B Condit ‘15
onditioning {Z(x) = (Z(x)|Yi, Z(x;) = z) ~ N(m(x),V(z,z))
N up(x) = f(z)7B
B GP model: {kgae(%“') = 0% exp(—0.5 - [z — ']/ 6%)
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Outline

Gaussian processes and multi-fidelity
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Multi-fidelity Gaussian processes

L L :
. z=zp(xy), 1€{1,...,N
B Computer codes zy, zy, observations: { ! r(@y) { L}

2 =zy(@f), je{l,...,Ny}

B Auto-regressive model AR(1) (Kennedy and O’Hagan 2000):

{ZH<w>:p<x>zL<m>+AH<x> . (ZHW {w,zm%):zf, )

ZL(I‘) 1 AH(x) Vj, ZH(l‘jH) = Zj

B Recursive formulation (Le Gratiet and Garnier 2014):

Zy(z) = p(z)Zp(z) + Ap ()

Zp(x) L Ag(z) = (Zu(@) V), Zu (=) = =)

(@) = (Zu(2)| Vi, ZL(af) = =)
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Noisy and non-nested data

Nested design and noise-free outputs

Non-nested design and noisy outputs

15 4 — Low-fidelity 1 —— Low-fidelity

—— High-fidelity —— High-fidelity
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X X

» Generalization to non-nested and noisy data
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Noisy model

B Computer codes z1, zy are tainted by noise:

{z L(@) =yr(@) +er(@), eplz)~N(0,02,)
Y

zr ()

(x) ten(z), en(w)

B Noisy recursive AR(1) model:

Y(x) = p(a)Yi(2) + Ap(z

1:@(1:) 1L Ag(z)
Y l’ ( l‘) |VZ, ZL(xiL)

B Explicit distribution: Yz (z:)
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~ N(mYH (x)7 VYH (x7 :L‘))

~ N(Ov UE,H)

(Yu(2) V], Zu(
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Parameter estimation

A priori GPs: {YL(x) ~ Npe(@), ke (2, 2)) with:
Ap(z) ~ N(pn(2), ky (2, ),
{ML(HU) = 0L and {kL(x,:c’) =o%exp(—0.5- |z —2'|?/ 6%)
wi () = By ki(z,a') = o3 exp(—0.5 - |z — 2'|*/ 6%)
Maximum Likelihood Estimation (MLE)

B Non-recursive formulation: Joint optimization, high-dimensional problem
BL o? 0L ol
p Bu 0¥ O o2y
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Parameter estimation

with:
Ap(z) ~ N(pw (), ki (z, 2)),

wur(z) = Br kp(z,2') = 0'% exp(—0.5 e —a2'|?/ 0%)
and
wr(x) = By ki(z,2') = o3 exp(—0.5 - |z — 2'|*/ 6%)

A priori GPs: {YL(x) ~N(pur(x), kr(z, v))

B Recursive formulation: Decoupled optimization
» Low-fidelity: Simple GP MLE

2 2
BL o7 01, oy

» High-fidelity: Expectation-Maximization (EM) algorithm (Zertuche 2015)

2 2
P B Oy Oy OcH
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Example and numerical results
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A\
Analytic test case \

» Park function (Cox et al. 2001):
{yH(xl,:):g,:rg,x4) Y <\/1 + (22 + avg)m4 — 1> + (21 + 3x4) exp(1 + sin(x3))

2 z?
yr(z1, x9, x3,24) = (1 4+ 0.1sin(z1)) y(z1, 22, T3, 4) — 221 + x% + x% +0.5

» Data: Ny, € {150,300,600}, Ny € {20,40,60}, oo, = 2.5, 0. g = 0.5

Niest 2
> Metrics: 1 — Q2 = 2=i, W@)=m@)” 50 training time
| V= T w2 J
» Comparison of the models on 100 repetitions:

- Simple GP on HF data (HF-only-GP)
- Recursive (R-MFGP): decoupled optimization
- Non-recursive (NR-MFGP): joint optimization
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Results: Prediction error

101 A 8
O o
o
8°9, B HF-only-GP

EEE R-MFGP (N, = 150)

S =1 R-MFGP (N, = 300)

| 1 R-MFGP (N, = 600)
— == NR-MFGP (N, = 150)
1072 1 1 NR-MFGP (N, = 300)
1 NR-MFGP (N, = 600)

20 40 60

Ny

» Multi-fidelity is relevant for few HF samples
» Similar performance for R-MFGP and NR-MFGP
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Results: Training time

an

107 4 B R-MFGP (N, = 150)
A =1 R-MFGP (N, = 300)
b % % =1 R-MFGP (N, = 600)
E =3 NR-MFGP (N, =150)
'l: [ NR-MFGP (N, =300)
i

% 8 NR-MFGP (N, = 600)
=
40

Ny

» The recursive approach yields faster training times for
large LF datasets

» The influence of Ny on the training time is negligible
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Conclusion
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Conclusion and Prospects \
B Auto-regressive MFGP model : Generalization of the recursive formulation in
the case of non-nested designs and noisy outputs
B Improve the estimation of the high-fidelity noise variance o2 ;;

B Heteroscedastic model: non-constant noise variances

B Sequential design of experiments
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Results: Prediction uncertainty

10-1 4

Il HF-only-GP
EEE R-MFGP (N, = 150)
= [ R-MFGP (N, =300)
w 1 R-MFGP (N, = 600)
< == NR-MFGP (N, = 150)
1072 4 =1 NR-MFGP (N, = 300)
1 NR-MFGP (N, = 600)

20 40 60
Ny

» Simple GP tends to be more reliable when adding HF data
» Similar performance for R-MFGP and NR-MFGP

g ENBIS 2026 - Nils Baillie Florence, Italy, 8 September 2026 19



Results: Prediction interval width

4 x10°

3x10°

2 x10°

Width 95 % PI
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