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1/7Accelerated Stability Studies

STABILITY STUDIES

∎ Quantity of Interest:
Critical Quality Attribute (CQA), proxy
of product effectiveness, e.g.,
▸ concentration of Active

Pharmaceutical Ingredient
▸ vaccine potency

∎ Goal:
▸ estimate CQA beyond the data

time-window
▸ determine product shelf-life with

confidence
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1/7Accelerated Stability Studies

ACCELERATED STABILITY STUDIES

∎ Stressed conditions:
Accelerate product degradation
▸ higher storage temperatures
▸ higher humidity

∎ Goal:
▸ estimate CQA beyond the data

time-window
▸ determine product shelf-life with

confidence
▸ Reduce time window necessary for

prediction
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2/7Methodology: kinetic model
TIME

Šesták-Berggren model
α(t): reacted fraction of CQA at time t

dα

dt
= αm

(1 − α)n, α(0) = 0

m: autocatalytic term, n: reaction order

TEMPERATURE

Arrhenius equation
k(T ): reaction rate at temperature T

k(T ; A, Ea) = A exp{− Ea

RT
}

Ea: activation energy, A: frequency of collisions

Final decay model
Y (t): remaining qty of CQA at time t, Y (t) = (C0 − L0)(1 − α(t)) + L0 ∈ [L0, C0]

⎧⎪⎪
⎨
⎪⎪⎩

dY
dt = −

k(T;A,Ea)
(C0−L0)m+n−1 (C0 −Y )m(Y − L0)

n

Y(0) = y0

Model parameters: θ = {Ea, A, m, n, C0, L0}
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3/7Methodology: statistical model

Nonlinear Least Squares:

∎ Difficult optimisation landscape

∎ Model misspecification

J(θ) =
k
∑
j=1
(yj − y(tj))

2 s.t. dy
dt
= fθ(t, y)

Penalised Regression Framework

J(y , θ) =
k
∑
j=1
(yj − y(tj))

2
+ λ∫ ∥

dy
dt
− fθ(t, y)∥

2
dt

Kinetic model as a soft penalty,
λ governs the trade-off:

∎ λ→ 0: completely data-driven estimate

∎ λ→∞: parameter estimation setup
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4/7Methodology: estimation I

FORWARD PROBLEM

Define u = dy
dt − fθ(t, y), model misfit.

Optimal Control Problem (OCP) formulation:

min
u

J(u, θ) =
k
∑
j=1
(yj − y(tj))

2
+ λ∫ ∥u∥

2 dt

s.t. dy
dt
= fθ(t, y) + u

Optimality system
u ∈ L2([0, T ]), y ∈ H1([0, T ])
⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

dy
dt = f (t, y) + u
−

dp
dt =

df
dy (t, y)⊺p + 2∑j(y(tj) − yj)δ(t − tj)

∇uJ = 2λu − p = 0

INVERSE PROBLEM

The problem reads as

min
θ

⎧⎪⎪
⎨
⎪⎪⎩

k
∑
j=1
(yj − y∗θ (tj))

2
+ λ∫ ∥u∗θ∥

2 dt
⎫⎪⎪
⎬
⎪⎪⎭

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
H(θ)=minu J(u,θ)

where u∗θ, y∗θ solves the forward problem for the
corresponding θ. To compute the gradient

dH
dθ
=

∂J
∂y

dy
dθ
+

∂J
∂u

du
dθ

where dy
dθ

, du
dθ

obtained by differentiating forward
problem’s optimality system w.r.t. θ
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5/7Simulation 1: well-specified model

Šesták-Berggren model: dY
dt = −

k(T ;A,Ea)
(C0−L0)m+n−1 (C0 −Y )m(Y − L0)

n, θ = {Ea, A, m, n, C0, L0}
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5/7Simulation 1: well-specified model

Šesták-Berggren model: dY
dt = −

k(T ;A,Ea)
(C0−L0)m+n−1 (C0 −Y )m(Y − L0)

n, θ = {Ea, A, m, n, C0, L0}
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6/7Simulation 2: misspecified model

Perturbed SB model: dY
dt = −

k(T ;A,Ea)
(C0−L0)m+n−1 (C0 −Y )m(Y − L0)

n + sin(t) [to generate data],
θ = {Ea, A, m, n, C0, L0}
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7/7Data Analysis
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Software

fdaPDE
C++/R library

available from CRAN

Q marco.galliani@polimi.it

mailto:marco.galliani@polimi.it


1/1Appendix: Discretization

Discretized optimality system:

⎧⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

yt+1 = Φt(yt , ut), y(0) = y0

pt =
∂Φt

∂y

⊺

pt+1 − 2 Iobs(yt − yobs,t), pm ∶= 0

2λWtut −
∂Φt

∂u

⊺

pt+1 = 0

Integration scheme: an s-stage Runge–Kutta
method with tableau (A, b, c),

Φt(y , u) = y + ht
s
∑
i=1

bi ki ,

ki = f (tt + ciht , y + ht
s
∑
j=1

aijkj) + ui ,

Collocation methods: on each interval the scheme carries a polynomial of degree s, determined
by its stage derivatives kt,i and evaluable at any θ ∈ [0, 1],

y(tt + θht) = yt + ht
s
∑
i=1

βi(θ) kt,i , u(tt + θht) =
s
∑
i=1

ℓi(θ)ut,i ,

where {ℓi} is the Lagrange basis on the nodes {ci} and βi its primitive,

ℓi(θ) =∏
j≠i

θ − cj

ci − cj
, βi(θ) = ∫

θ

0
ℓi(τ)dτ, βi(cj) = aji , βi(1) = bi .
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