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Dependence modeling and copulas

Sklar's Theorem (1959)

Given Fy a joint distribution function of a random vector

X = (Xi,...,Xq) with marginals (Fx,(x1),..., Fx,(Xa)), there exists a
copula C such that for all x = (x4, ..., X4), it follows:

Fx(X) = C(FX1 (X1),...,de(Xd)). (1)

C is uniquely defined on Ran(Fy, ) x ... x Ran(Fx,).

@ Copulas are tools to describe the dependence between random
variables disregarding the marginal effect.

© AQuestion: Is there a natural analogous of the concept of copulas
in the discrete setting (e.g., for Bernoulli distributions)?
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A new perspective that borrows ideas from the

contingency table framework
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Abstract: Copulas have now become ubiquitous statistical tools for describing, analysing and modelling de-
pendence between random variables. Sklar’s theorem, “the fundamental theorem of copulas”, makes a clear
distinction between the continuous case and the discrete case, though. In particular, the copula of a discrete
random vector is not fully identifiable, which causes serious inconsistencies. In spite of this, downplaying
statements may be found in the related literature, where copula methods are used for i

between discrete variables. This paper calls to reconsidering the soundness of copula modelling for discrete
data. It suggests a more fundamental construction which allows copula ideas to smoothly carry over o the
discrete case. Actually it is an attempt at rejuvenating some century-old ideas of Udny Yule, who mentioned
asimilar construction a long time before copulas got in fashion.

Key ingredients of copula modeling in the discrete framework:
@ margin transformation to uniform distributions
© (unique) identification of the dependence model
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Classical example (Yule 1912)
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Moving to higher dimensions (d > 2)

Two possible approaches are considered here:

@ Conditional odds ratios. For each pair (Xj, X;), we may condition on
a value of the remaining variables.

© Marginal two-way odds ratios. We may consider the odds ratios of
the 2 x 2 tables obtained by summing over (collapsing) the
remaining variables.

Different ways to interpret association

@ (Higher-order) Conditional odds ratios.
The problem becomes: find a table with same odds ratio
structure and uniform margins.

@ Marginal two-way odds ratios. (These do not identify a single table,
but they relate to pairwise correlations when margins are fixed.)
The problem becomes: generate tables with prescribed pairwise
correlations (or marginal two-way odds ratios) and uniform
margins.
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Our related research

@ Conditional odds ratios. Problem statement 1: Given a table T,
find a table T with uniform margins and the same conditional
odds ratios structure as T.

R. Fontana, E. Perrone, F. Rapallo. Zero patterns in multi-way
binary contingency tables with uniform margins, International
Journal of Approximate Reasoning (2026)

© Marginal odds ratios. Problem statement 2: Given d binary
random variables with a prescribed pairwise dependence structure
(expressed through correlations or marginal odds ratios),
determine the full set of joint distributions with uniform margins that
satisfy these constraints.

R. Fontana, E. Perrone, F. Rapallo. Characterization of multi-way
binary tables with uniform margins and fixed correlations,
Statistical Papers (2026, in press), arXiv:2601.07369
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What do these papers have in common?

IDEA: Fixing the margins to uniform introduces symmetries.

We exploit these symmetries and use a geometric approach to define
the associated space.

@ The first problem is about finding which zero-patterns are
compatible with a table with uniform margins (so when the
associated space is non-empty).

© The second problem is about defining the full convex space of
joint distributions with uniform margins and dependence
constraints.

| focus on the second problem here. J
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@ dbinary r.v.s, Xi,...,Xq, i.e,, ad-dimr. v. (X1,...,Xq)

@ k-th cell of a table corresponds to ay = (@kys .. ky) SL
27:1 akad_} =k-1, k= 1,...,2d

e the table is given by the 2%-vector of probabilities
p= (pma’ € {0,1}d)
@ p belongs to the closed simplex

A= {pa,a€01 >OZp(,—1}

@ E[X;j] denoted by u;, and E[X;X;] by uj
@ For D ={0,1}9, d margins m;,i = 1,...,d defined as

miz(m?,m?)z[ > be ), pa].

aeD,ai=0 aeD,ai=1
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@ Consider the (g) bivariate margins

m%  mo
my=|{ 1 11
i =m0 mit]>

U] I

where
ki k;
m,.j1 2 = Z p(ra
(lED,(l,‘Ik] ,llj:kg,

ki,ko €{0,1},and i,j=1,...,d,i<j
Note that m,.‘j1 = pj, and if the margins m; and m; are fixed to

— =0 —1 — —1 .
m; = (m?,m; ) and m; = (ﬁ?, m; ), mjj becomes a function of m;:
m; —m, + ml! m; — ml!
mi =
ij ! it mit
1 ij ij
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Conditional versus marginal odds ratios

@ For any pair (Xj, X;), we define conditional odds ratios by fixing the
values of the remaining (d — 2) variables.

@ The marginal odds ratio for a pair (Xj, X;) is obtained by summing
over all other variables:

11,7700
ij Z(l:(li:(l/':1 Po Za:m:(lj:O Po mij m,‘j
LL)M =

()

Za:cz,-:‘I,a,':O Pa Za:m:O,aj:1 Pa m,-}om,?1

Remarks from Algebraic Statistics

@ Conditional odds ratios relate to classical log-linear models, and
they define toric varieties (defined through binomial equations):
MCMC with Markov bases is possible.

© Marginal odds reations relate to marginal log-linear models, they
don’t define toric varieties: we need to adopt a different
combinatorial description.
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Problem statement with uniform margins

A
@ For atable T with uniform margins:

1
Mip = M =§®mio—m,-1 =0& Z Pao — Z Po =0,
a€D,ai=0 a€D,ai=1
(i=1....d).
@ In compact form:
(1{aeﬂ,a,-:0} - 1{ae1),a,—:1})Tp =0,

where 1, is the indicator vector of A, b denotes the transpose of
b, and p is the vector p = (p,, @ € D).
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Problem statement with uniform margins

A
@ Now, include the bivariate margins:

mil I_omn
mij:(l_';nﬁ 2m11'/ ) 3)
2 ij ij
Z Po = ﬁij’
a€D,aj=aj=1
that is
> @ -1pat+E; Y, pe=0. (4)

a€D,ajaj=1 a€D,aja;j=0

@ In compact form:

((/“_111 - 1 )1 {(IGD,(I,'(I]':1} +/-_1[]1 {(IGD,LY,IY]‘:O})TP — 0’ Ia] - 19 ey d’ I < ]
()
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Problem formulation

With d = 3 putting all equations in a matrix we get:

1 1 1 1 -1 -1 -1 -1
1 1 -1 -1 1 1 -1 -1
Hap 1 -1 1 -1 1 -1 1 -1 p
3P = |- — — — — — — —
MHi2 M2 M2 M2 M2 M2 (#12 - 1) (ﬂ12 - 1)

H13 (ﬁ@ -1) M3 (lz13 -1)

Hi3 lz13 lz13 Hi3 H
M23 (ﬂ23—1)

23 Hoz Hog (Hoz—1) Jiog Ho3

The polyhedral cone defined by Hy is

C(Hd) = {p = (pa'),pa/ € R’pa' 2 0’ a e D’ Hdp = 0’} (6)

and the solution set for our problem is

C(Hg) N A
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Computations

We are searching for the extreme rays y;, to define the space
geometrically.

The extreme pmfs r; = (rig, i = 1,...,ng,@ € D) are rig = 5 ygy, )
QE. la

Example d = 3

Let us consider the table below
pmf 000 001 010 011 100 101 110 111 wZ Wl WY

Po 01 005 03 02 01 0.05 015 0.05 040 064 141

We want to determine the convex hull of pmfs with uniform margins and
prescribed pairwise correlations.

We build the H3 matrix and find the extreme pmfs by using 4ti2.
pmf 000 001 010 011 100 101 110 111
ry 0 0.194 0.222 0.084 0.257 0.05 0.021 0.173
ro 0.173 0.021 0.05 0.257 0.084 0.222 0.194 0
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Remarks

How does the space look like?

The space is the segment p = ary + (1 — a)re, with @ € [0, 1].

w123 — PoooPo11P101P110
P111P100P010P001
tends to 0 as a approaches 1 and diverges to +oo as @ approaches 0:
the segment spans all possible three-way dependence structures and
we can choose from there

.
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@ The combinatorial approach works on the polyhedral cone

C(Hd) = {p = (Pa):Pa €R,py >0, @ € D,Hgp =0, } .

@ Hy works directly on the simplex and zeros are allowed (i.e., it
works on the closed simplex).

@ The matrix Hy depends on the actual values of the margins and of
the pairwise correlations.

@ The extremal pmfs contain the extreme values of higher-order
moments.
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Example d =5

O
3¢]

ey

A
In a study about symptoms in patients with fibromyalgia, five typical
symptoms are registered (1 if present, 0 if absent).

Photophobia
@ Migraine

@ Brain fog
@ Nausea
@ Dizziness

We use information about pairwise correlation to describe all probability
distributions with uniform margins and prescribed pairwise correlations.
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Example d =5

(O
With the matrix Hs and using 4ti2 we obtain 181, 588 extreme pmfs
which characterize the polytope. Moreover, such extreme pmfs contain
all extreme values of higher order interactions:

X1 X2 X3 X4 X5 min max
0 0 1 1 1 0.119 0.297
0 1 0 1 1 0.139 0.313
0 1 1 0 1 0.121  0.258
0 1 1 1 0 0.121 0.258
0 1 1 1 1 0 0.258
1 0 0 1 1 0.112 0.285
1 0 1 0 1 0.13 0.299
1 0 1 1 0 0.12 0.285
1 0 1 1 1 0 0.274
1 1 0 0 1 0.114 0.295
1 1 0 1 0 0.119 0.285
1 1 0 1 1 0 0.277
1 1 1 0 0 0.118 0.258
1 1 1 0 1 0 0.258
1 1 1 1 0 0 0.258
1 1 1 1 1 0 0.253

ENBIS 26 Multi-way binary tables with uniform margins R. Fontana, E. Perrone, F. Rapallo



Take home message and future work

IN THIS TALK:
> we showed the practical advantages of working directly on
the simplex (and restricting to the case of uniform margins)
for contingency table analysis;
> we provided an elegant geometric approach to solve
practical questions on table generation with fixed margins
and prescribed correlations.

investigate how the zero-pattern (i.e., structural zeros)
would change/restrict the admissible space;

improve the available sampling techniques to obtain
elements from the derived convex space.
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